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PIN(2)-EQUIVARIANT SEIBERG-WITTEN FLOER HOMOLOGY OF SEIFERT 

FIBRATIONS 

MATTHEW STOFFREGEN 


Abstract. We compute the Pin(2)-equivariant Seiberg-Witten Floer homology of Seifert rational 
homology three-spheres in terms of their Heegaard Floer homology. As a result of this computation, 
we prove Manolescu’s conjecture that j3 = —p. for Seifert integral homology three-spheres. We 
show that the Manolescu invariants a, /3, and 7 give new obstructions to homology cobordisms 
between Seifert fiber spaces, and that many Seifert homology spheres E(ai,..., a„) are not homology 
cobordant to any —E( 6 i,..., 6 „). We then use the same invariants to give an example of an integral 
homology sphere not homology cobordant to any Seifert fiber space. We also show that the Pin(2)- 
equivariant Seiberg-Witten Floer spectrum provides homology cobordism obstructions distinct from 
a, P, and 7 . In particular, we identify an F[f7]-module called connected Seiberg-Witten Floer 
homology, whose isomorphism class is a homology cobordism invariant. 


1. Introduction 

Let y be a closed, oriented three-manifold with 61 = 0 and spin structure s, and let G = 
Pin(2), the subgroup u of the unit quaternions. Manolescu introduced the G-equivariant 
Seiberg-Witten Floer homology SWFH^{Y,5) in [T7], and with it the suite of invariants 0,13,^, 
defined analogously to the Frpyshov invariant of the usual, S'^-equivariant, Seiberg-Witten Floer 
homology. The invariant SWFH^{Y,5) is the G-equivariant homology of a Conley index coming 
from finite-dimensional approximation of the Seiberg-Witten equations on Y. As the G-equivariant 
homology of some stable homotopy type, SWFH^{Y,5) comes with the structure of a module over 
H*{BG) ^ F[g, u]/(g'^), where F is the field of two elements. The underlying G-stable homotopy 
type, SWF (Y, s), is also an invariant of the pair (Y, s). The invariant (3 was then used to disprove the 
triangulation conjecture: it is a lift, as a map of sets, from the Rokhlin homomorphism 9^ 'Ll‘1 
to 93 ^ —>■ where 9^ denotes the integral homology cobordism group of integral homology three- 
spheres. 

Let Y be a Seifert rational homology sphere with spin structure s, such that the base orbifold of 
the Seifert fibration of Y has 5^ as underlying spac^ In the present paper, we use the description of 
the Seiberg-Witten moduli space given by Mrowka, Ozsvath, and Yu [H] to compute SWFH^{Y,s), 
as a module over F[g, u]/(g^) (Here, the action of v decreases grading by 4, and that of q decreases 
grading by 1). The description is in terms of the Heegaard Floer homology HF^ (Y,5), defined in 
[26],[25]. In particular, this description makes SWFH^{Y,5) quickly computable, using the work 
of Ozsvath-Szabo, Nemethi, and Can-Karakurt |24j . |20j . [9] . In order to obtain this description, we 
use both the equivalence of HF^ and HM due to Kutluhan-Lee-Taubes |llj . and Colin-Ghiggini- 
Honda [3] and Taubes [33] , and the forthcoming work by Lidman and Manolescu on the equivalence 
of JTm and SWFH^' in [H]. 

Our work in this paper is to relate SWFH^\y,5) and SWFH^{Y,5) when the underlying 
homotopy type SWF(Y,5) is simple enough. This should be compared with |14j . in which Lin 

1 ‘3 

There are also Seifert fibered rational homology spheres with base orbifold RP , and some of them do not have 
a Seifert structure over . These are not considered in this paper. None of them are integral homology spheres. 
Furthermore, in order for a Seifert fiber space Y to be a rational homology sphere, it must fiber over an orbifold with 
underlying space either RP^ or . 
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calculates the Pin(2)-monopole Floer homology in the setting of [13] for many classes of three- 
manifolds Y obtained by surgery on a knot. The approach there is based, similarly, on extracting 
information from the 5^-equivariant theory HM{Y,5) of [lOj . when HM(Y,5) is simple enough. 

To state the calculation of SWFH^{Y,5), let denote ¥[U,U~^]/U¥[U], and = 

¥[U~'^~'~^, ...]/U¥[U]. We also introduce the notation to denote F[u, u"^]/uF[u], and 
V^(i) = ...]/uF[u]. For any graded module M, let Mn denote the submodule of 

homogeneous elements of degree n, and define M[k] by M[k]n = Mn+k- Let T^{n) = T^(n)[—d] 
and (n) = V^{n)[—d]. The module (n) is then supported in degrees from d to d -I- 2(n — 1), 
with the parity of d. Let T be a Seifert rational homology three-sphere with negative fibration; that 
is, the orbifold line bundle of Y is of negative degree (see Section]^. For example, the Brieskorn 
sphere S(ai,..., o^), for coprime a*, is of negative fibration. 

Using the graded roots algorithm of Nemethi [20|, we may write: 


N 


( 1 ) 




2=1 




di-\-\ “ 1 “ di 


N 


) ® 0 Ts+di (™j) ® ’ 


2=1 


for some constants s,di,ni,N and some F[?7]-module J, all determined by (T,s). Moreover, dj+i > 
di,nj+i < Hi for all i. Roughly, in terms of Seiberg-Witten theory, the term 7 ^ 0 ^_|_ 2 „^_i accounts 

for the reducible critical point, and the modules (rii) and 7 ^+(lt!ii±?^i±i_F^^ account for the 
irreducibles which cancel against the bottom of the infinite [/-tower. The term accounts for 
the other irreducibles. 

Let us denote by reSpj:^^^ the restriction functor from the map of modules F[u] —> ¥[U] given by 
V —>■ [/^. The restriction functor converts (n) to ® 

Theorem 1.1. LetY he a Seifert rational homology three-sphere of negative fibration, fibering over 
an orbifold with underlying space S‘^, and let 5 be a spin structure on Y. Let HF^{Y,5) be as in 


and depending only on the sequence {di,ni), so that, as an ¥[v]-module: 


&■ 


Then there exist constants {ai,bi 


and an ¥[q,v]/{q^)-module J", specified in Corollary 5-4 


SWFH^{Y,5) = 




N' 

®00+a,( 

2 = 1 


flj+1 + 4[j+i — a 


-) ® J''[-s] © resp[[;5^ J[-s]. 


01 


v+ 


The q-action is given by the isomorphism V ^_^2 and the map V, 

which is an ¥-vector space isomorphism in all degrees at least s 4 |^ 5 h±^u±ij vanishes other¬ 
wise. Further, q annihilates reSpj=[j^V[—s] and °" ). The action of q on J" is 


specified in Corollary 5-4 


Theorem |1.1| specifies a, [5, and 7 , which we state as Corollary |1.2| For Y an integral homology 
three-sphere, let d{Y) be the Heegaard Floer correction term |23j . Using Theorem |l.l| and Theorem 
O below we obtain: 


Corollary 1.2. (a) LetY be a Seifert integral homology sphere of negative fibration. Then fiiY) = 
7 (y) = -Ll{Y), and 


a{Y) 


d{Y) /2, if d{Y )/2 = -fi{Y) mod 2 

d{Y)/2 -\- 1 otherwise. 
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(b) Let Y be a Seifert integral homology sphere of positive fibration. Then a{Y) = f3{Y) = —fi{Y), 
and 

^d{Y)/2 if d{Y)/2 = -fL{Y) mod 2 


7(y) = 


d{Y)f2 — 1 otherwise. 


From Corollary 1.2 we see that for Seifert integral homology spheres the Manolescu invariants 


a, P, and 7 are all determined by d and p. In particular, a, /3, and 7 provide no new obstructions 
to Seifert spaces bounding acyclic four-manifolds. 

In [T7j, Manolescu also conjectured that for all spin Seifert rational homology spheres P(Y,5) = 
—s), where p, is the Neumann-Siebenmann invariant defined in |22j . [32] . We are able to prove 
part of this conjecture: 

Theorem 1.3. Let Y be a Seifert integral homology three-sphere. Then P{Y) = —p(Y). 


We prove Theorem |1.3| by showing that /3 is controlled by the degree of the reducible, and by 
using a result of Ruberman and Saveliev [28] that gives p as a sum of eta invariants. 

Fukumoto-Furuta-Ue showed in [7] that p is a homology cobordism invariant for many classes 
of Seifert spaces, and Saveliev m extended t his t o show that Seifert integral homology spheres 
with p 0 have infinite order in 6 ^. Theorem 1.3 generalizes the result of Fukumoto-Furuta-Ue, 


showing that the Neumann-Siebenmann invariant p, restricted to Seifert integral homology spheres, 
is a homology cobordism invariant. 

For Seifert spaces with HF^fY^s) of a special form, SWFH^ {Y,5) may be expressed more 
compactly than is evident in the statement of Theorem |1.1[ If Y is negative and 

( 2 ) 


RF+(y,s) = r/©rVi(m)©0r+(m,) 


©2 


iGl 


for some index set /, we say that (T, s) is of projective type. We will say that Y is of projective 
type if Y is an integral homology sphere such that Q holds. There are many examples of such 
Seifert spaces, among them S(p, q,pqn + 1), by work of Nemethi and Borodzik |2T],[2] and Tweedy 
|35j . The condition Q also admits a natural expression in terms of graded roots; see Section 5.2 

Theorem 1.4. If (T, s) is of projective type, as in then: 

If d = 2n + 2 mod 4, 

(3) SWFH^{Y,5) = Vj+2©''20+i©V0+2©''20+3(l-W-l^®©'*^i—J)©0'*202(1.GwJ)- 






If d = 2n mod 4, 
(4) SWFff 


rG 


TTL 

{Y,5) = ©V0+1 ©V0+2 ©'*20+3(01) ©0'*2^(1- 

^ iel 


m, 


2 —J) ©0 '*202(I.0J)- 

iGl 


The q-aetion is given by the isomorphism Vf 2 n +2 '*2-2n+i '*2-2n+i ^ '*2^+2 

d = 2n + 2 mod 4), or Vf 2 n+i ("*/ ^ = 2?i' mod 4), which is an ¥-vector space isomorphism 

in all degrees at least d + 2 (respectively, d), and vanishes otherwise. In ^ and Qj, q acts on 
V72n+3(l.yJ) unique nonzero map Yf 2 n+'i^V^\) '^- 2 n+ 2 - action of q annihilates 

e«; Vi(i=¥ij) e ® v„72(17I)- 

To prove Theorem [m we use m to show that a space representative of the stable homotopy 
type SWF(Y,5) naturally splits into two disjoint pieces, which are interchanged by the action of 
j 6 G. Say 

X = SWF{Y,s)/{SWF{Y,5 f"). 


Then 

(5) 


X = X+vjX+. 
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That is, X is a wedge sum of two components related by the action of j. This description in turn 
connects the CW chain complexes of EG aq SWF(Y, 5 ) and ES^ Agi SWF(Y, 5 ). A careful, but 
entirely elementary, analysis of the differentials in these two complexes then yields Theorem o 

Along the way, we provide more information about the G-equivariant CW chain complex of 
SWF(¥, 5 ) than is reflected in Theorem 0 To store this information, we define in Section the 
local equivalence and chain local equivalence classes of pairs (T, s) for Y any rational homology 
three-sphere, not necessarily Seifert. The local equivalence and chain local equivalence classes, 
denoted [SWF{Y,5)]i and [SWF{Y,5)]ci respectively, are homology cobordism invariants refining 
the Manolescu invariants a,/3,'y. The chain local equivalence class takes values in the set of 
homotopy-equivalence classes of chain complexes of a certain form. Local and chain local classes 
reflect how irreducible cells are attached to the reducible; they are so named because they store 
information about SWF(Y,5) only near the reducible. We will compute the chain local equivalence 
class of negative Seifert rational homology spheres. One use of local equivalence and chain local 
equivalence classes is that they behave well under connected sums, while the behavior of a, /?, and 
7 under connected sum is more complicated. In particular, it was shown in |16) that a, (3, and 7 
are not homomorphisms. 

We call rational homology three-spheres Yi and Y 2 (integral) homology cobordant if there exists 
a compact oriented four-manifold W with dW = Ti LI —12 so that the maps induced by inclu¬ 
sion Hii:iYi]'L) —> Lf*(IT;Z) are isomorphisms for f = 1 , 2 . As a corollary of the calculation of 
YSWF{Y, 5 )\c 1 for Seifert fiber spaces we obtain: 

Corollary 1.5. The sets {di}i, {ni}i in Theorem \l . 1\ are integral homology cobordism invariants of 
negative Seifert fiber spaces. That is, say Yi and Y 2 are negative Seifert integral homology spheres 
with Yi homology cobordant to Y 2 . Let Si be the set of isomorphism classes of simple summands of 
HF^ (Yi) that occur an odd number of times in the decomposition 0 - Then Si = 82 . 

We obtain Corollary |1.5| by showing that {di}i and {ni}i determine {SWF{Y,5))ci- The following 
corollaries are further applications of chain local equivalence. 

Corollary 1.6. Let Y be a rational homology three-sphere with spin structure s. Then there is a 
homology-cobordism invariant, SWFHconniX-,^), the connected Seiberg-Witten Floer homology of 
(y,s), taking values in isomorphism classes of ¥[U]-modules. More specifically, SWFHconn{Y, 5 ) is 
the isomorphism class of a summand of HF^^^iY, 5 ). 

Corollary 1.7. Let (Yi,Si) he a negative Seifert rational homology three-sphere with spin structure, 
with FtF'^(Yi, 5 i) as in 0 - Then 

N no n ^ 

(6) = 0r7,,(A -t i t ,. L . !+i . - -■)e0r.7,(n.), 

i=l ^ i=l 

In particular, if Yf is an integral homology sphere and Y 2 is any integral homology sphere homology 
cobordant to Yi, then HM{Y 2 ) — HF^{Y 2 ) contains a summand isomorphic to as F[t/]- 
modules. 


Remark 1.8. In fact, SWFHconniX-,^) is an invariant of spin rational homology cobordism, for Y 
a rational homology three sphere. 


From Corollary [T^ and ([^, we see that for Seifert integral homology spheres Y, SWFHconn{Y, s) = 
0 if and only if d{Y, 5)/2 = —fL(Y,5). 

The connected Seiberg-Witten Floer homology is constructed using the CW chain complex of 
a space representative X of SWF{Y, 5 ). The CW chain complex {X) splits, as a module over 
into a direct sum of two subcomplexes, with one summand attached to the 5^-fixed- 
point set, and the other a free C'^'^(G)-module. Roughly, the 5'^-Borel homology of the former 
component is FlTFRconnCT,s). As an application of the Corollaries 1.6 and 1.7, we have: 
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Corollary 1.9. The spaces S(5,7,13) and S(7,10,17) satisfy 

d(S(5,7,13)) = d(S(7,10,17)) = 2, 

/2(S(5,7,13)) = /l(S(7,10,17)) = 0. 

However, 5W/7conn(S(5, 7,13)) = ^(l), while 51FFi7conn(S(7,10,17)) = r+i(2) © r+i(l). Thus 
S(5, 7,13) and S(7,10,17) are not homology cobordant, despite having the same d, fl, a, [3, and 7 
invariants. 


There are many other examples of homology cobordism classes that are distinguished by di,ni, 
but not by d and fl. As an example, we have the following Corollary. 

Corollary 1.10. The Seifert space S(7,10,17) is not homology eobordant to T,{p,q,pqn ± 1) for 
any p, q, n. 


This result follows from Corollary 1.5, Indeed, since T{p,q,pqn ± 1) are of projective type, 
SWFHconn{T,{p, q,pqn + 1)) is a simple F[?7]-module, using the dehnition Q and equation Q. On 
the other hand, 

FITT/7conn(S(7, 10, 17)) = r+i(2) © r+i(l), 


so Corollary 1.10 follows. 


Moreover, using a calculation from [T6], we are able to show the existence of three-manifolds 
not homology cobordant to any Seifert fiber space. (This result was announced earlier by Frpyshov 
using instanton homology.) For example, we have: 


Corollary 1.11. The connected sum S(2, 3, 11)^S(2, 3, 11) is not homology cobordant to any 
Seifert fiber space. 


Proof. In [16], Manolescu shows a(S(2, 3,11)7(1S(2, 3,11)) = /3(S(2,3,11)#S(2, 3,11)) = 2, while 
7(S(2, 3,11)#S(2,3,11)) = 0. In addition, d(S(2,3,11)) = 2, so (i(S(2, 3,11)#S(2,3,11)) = 4. To 
obtain a contradiction, say first that S(2,3,11)#S(2, 3,11) is homology cobordant to a negative 
Seifert space Y. Corollary |1.2| implies 

2 =/3(S(2, 3,11)#S(2, 3,11)) =/3(y) = 7(1^) = 7(S(2, 3,11)#S(2, 3,11)) = 0. 

a contradiction. Say instead that S(2, 3,11)#S(2, 3,11) is homology cobordant to a positive Seifert 
space Y. Then by Corollary |1.2[ 7(T) = d(Y)/2 = d(S(2, 3, ll)#i;(2, 3, ll))/2 = 2. However, 
7(y) = 0, again a contradiction, completing the proof. □ 

Note that Corollary 1 1.11 1 readily implies the following statement for knots. 

Corollary 1.12. There exist knots, such as the connected sum of torus knots T{3, 11)^T(3,11), 
which are not concordant to any Montesinos knot. 


As an application of G-equivariant Seiberg-Witten Floer homology we prove that many Seifert 
integral homology spheres of negative fibration are not homology cobordant to any Seifert integral 
homology sphere of positive fibration. For instance, we have: 

Corollary 1.13. The Seifert spaces S(2,3,12fc -I- 7), for k ^ 0, are not homology cobordant to 
—S(ai, 02,..., an) for any choice of relatively prime a*. 

This Corollary is a direct consequence of Corollary |1.2[ which shows that if T is a negative Seifert 
space with d{Y)/2 ^ —fi{Y), then Y is not homology cobordant to any positive Seifert space. We 
note d(S(2, 3,12A: -I- 7)) = 0 and /i(S(2, 3,12A: -I- 7)) = 1, and the Corollary follows. This should be 
compared with a result of Fintushel-Stern |5| that gives a similar conclusion: If i?(ai,..., a^) > 0, 
then S(ai,...,an) is not oriented cobordant to any connected sum of positive Seifert homology 
spheres by a positive definite cobordism W, where Hi(W',Z) contains no 2-torsion. However, there 
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are examples with R < 0, but d/2 ^ so we can apply Corollary 1.2 For instance, S(2,3,7) 


has /^-invariant —1, but d ^ —[i. Thus, Corollary |1. 13 is not detected by the ii-invariant. 


The organization of the paper is as follows. In Section we provide the necessary equivariant 
topology constructions and define local and chain local equivalence. In Section]^ we compute the 
G-Borel homology of j-split spaces. In Section we review the finite-dimensional approximation 
of [T7] . In Section we recall the results of [19] and prove Theorems |1.1[ |1.3[ and |1.4[ In Section 
we provide applications and examples of the homology calculation. Throughout the paper all 
homology will be taken with F = Z/2 coefficients, unless stated otherwise. 
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2. Spaces of type SWF 

2.1. G-CW Complexes. In this section we recall the definition of spaces of type SWF from m, 
and introduce local equivalence. Spaces of type SWF are the output of the construction of the 
Seiberg-Witten Floer stable homotopy type of dZ] and dBI; see Section [4| 

First, we recall some basics of equivariant algebraic topology from jSTj. The reader is encouraged 
to consult both m and |3l| for a fuller discussion. For now, G will denote a compact Lie group. 
We define a G-equivariant A;-cell as a copy of G/H x D^, where H is a closed subgroup of G. A 
(finite) equivariant G-CW decomposition of a relative G-space {X,A), where the action of G takes 
A to itself, is a hltration {Xn\n e Z^o) such that 

• Ad Xq and X = X^ for n sufficiently large. 

• The space is obtained from Xn-i by attaching G-equivariant n-cells. 

When A is a point, we call (A, A) a pointed G-CW complex. 

Let EG be the total space of the universal bundle of G. For two pointed G-spaces Xi and X 2 , 
write: 

Xi Ag X 2 = {Xi A X2)/{gXl X X2 ~ Xl X gX2). 

The Borel homology of X is given by 

H^{X) = H,{EG+ agX), 

where EG+ is EG with a disjoint basepoint. Similarly, we define Borel cohomology: 

H/;{X) = H*{EG+ agX). 

Additionally, we have a map given by projecting onto the hrst factor: 

/ : EG+ agX ^ BG+. 

From / we have a map pc' = f* ■ H*{BG) Hq{X). Then H*{BG) acts on Hf{X), by composing 
Pg with the cap product action of Hq{X) on H^{X). We may also define the unpointed version 
of the above constructions in an apparent way. 

As an example, consider the case G = . Here BS^ = CP®, so H*{BS^) = F[P], with 

deg U = 2. Then ¥[U] acts on H^^{X), for X any 5^-space. 

From now on we let G = Pin(2). The group G = Pin(2) is the set u c El, where 
is the unit circle in the (l,i) plane. The group action of G is induced from the group action of 
the unit quaternions. In order to agree with the conventions of m we deal with left G-spaces. 
Manolescu shows in m that H*{BG) = F[(7, u]/(g^), where deg q = 1 and deg u = 4, so H^{X) is 
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naturally an ¥[q, u]/(g^)-module for X a G-space. Moreover S"® = has a free action by the 

quarternions, making S'” a free G-space. Since S” is contractible, we identify EG = S”. We may 
view EG = S” also as ES^ (as an S^-space) by forgetting the action of j. 

We will also need to relate G-Borel homology and S^-Borel homology. Consider 

/ : CP” = BS^ BG, 

the map given by quotienting by the action of j 6 G on BS^ = ES^/S^. Then we have the following 
fact (for a proof, see [171 Example 2.11]): 

Fact 2.1. The natural map 

f* = resfi : H*{BG) H*{BS^) 

is an isomorphism in degrees divisible by 4, and zero otherwise. In particular, u —> P^. 

Moreover, for X a G-space, we have a natural map 

g : PG+ A51 X ^ PG+ ag X. 

The map g induces a map 

g, = cov^G ■■ HfiX) - Hf{X), 

called the corestriction map. As a Corollary of Fact |2.H we have a relationship between the action 
of U and v (see |3ll §III.l]): 

Fact 2.2. Let X be a G-space. Then, for every x e H^^{X), 

u(corG^(x)) = corG^(P^x). 

We shall use that Borel homology with F coefficients behaves well with respect to suspension. 
If F is a finite-dimensional (real) representation of G, let V'^ be the one-point compactification, 
where G acts trivially on V~^ — V. Then X = a X will be called the suspension of X by the 
representation V. 

We mention the following representations of G: 

• Let be the vector space on which j acts by —1, and e*® acts by the identity, for all 6 . 

• We let C be the representation of G on C where j acts by —1, and acts by the identity 
for all 6 . 

• The quaternions H, on which G acts by multiplication on the left. 

Definition 2.3. Let s e Z^o- A space of type SWF at level s is a pointed finite G-CW complex X 
with 

• The S^-fixed-point set is G-homotopy equivalent to (]R^) + . 

• The action of G on A — X‘^ is free. 

Remark 2.4. We list some examples of spaces of type SWF. The simplest space of type SWF is 
S^. More interesting examples may be produced as follows. Let X be a free, finite G-CW complex. 
Then, let 

SA = A X [0, l]/(0, x) ~ (0, x') and (1, x) ~ (1, x') for all x, x' e X. 

We call SA the unreduced suspension of A. Here G acts on SA by multiplication on the first 
factor. We fix one of the cone points as the base point. Then the S^-fixed-point set is precisely 
5° c SA, and tx is a space of type SWF. As a particular example, let X = G, where G acts on 
X by multiplication on the left, as usual. Then SA is, topologically, the suspension of two disjoint 
circles. 
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We also find it convenient to recall the definition of reduced Borel homoloqy, for spaces X of 
type SWF: 

(7) = 

for N » 0. Indeed, for all N sufficiently large ImU^ = so is well-defined. 

Associated to a space X of type SWF at level s, we take the Borel cohomology Hq{X), from 
which we define a{X),b{X), and c{X) as in [T7] : 

(8) o,{X) = min{r = s mod 4 | 3 x e Hq{X),v^x ¥= 0 for all 1^0}, 
b{X) = min{r = s -I- 1 mod 4 | 3 x e Hq{X),v^x 0 for all / ^ 0} — 1, 
c{X) = min{r = s -I- 2 mod 4 | 3x e Hq{X),v^x 0 for all / ^ 0} — 2. 

The well-dehnedness of a, b, and c follows from the Equivariant Localization Theorem (see IS!). 
We also list an equivalent dehnition of a, b, and c from m, using homology: 

(9) {?' = s mod 4 I 3 X 6 H^{X), x e Imx^ for all 1^0}, 

b{X) = m in {r = s -I- 1 mod 4 | 3x e H^{X),x 6 Imx^ for all / ^ 0} — 1, 

c{X) = min {r = s -I- 2 mod 4 | 3 x 6 H^{X), x 6 Imx* for all / ^ 0} — 2. 

Remark 2.5. The Manolescu invariants of m are defined in terms of a, b, and c, as we will 
review in Section^ 

Definition 2.6 (see [l8]). Let X and X' be spaces of type SWF, m,m' e Z, and n,n' e Q. We 
say that the triples (X,m,n) and {X',m',n') are stably equivalent if n — n' e Z and there exists a 
G-equivariant homotopy equivalence, for some r » 0 and some nonnegative M e Z and iV e Q: 


Let C: be the set of equivalence classes of triples {X, m, n) for X a space of type SWF, m e Z, 
n e Q, under the equivalence relation of stable G-equivalenc^ The set ^ may be considered as 
a subcategory of the G-equivariant Spanier-Whitehead category by viewing {X, m, n) as the 
formal desuspension of X by m copies of and n copies of 1HI+. For (X, m, n), (X', m', n') e a 
map (X, m, re) —> (X',?re',re') is simply a map as in (10) that need not be a homotopy equivalence. 
We define Borel homology for (X, m, re) e G: by 


(11) H^{{X,m,n)) = H^{X)[m + An]. 

Definition 2.7. We call Xi,X2 e G: locally equivalent if there exist G-equivariant (stable) maps 

<() : Xi ^ X2, 


fi:X2^Xu 

which are G-homotopy equivalences on the S'^-hxed-point set. For such Xi, X2, we write Xi =i X2, 
and let denote the set of local equivalence classes. 


Local equivalence is easily seen to be an equivalence relation. The set TG: comes with an abelian 
group structure, with multiplication given by smash product. One may check that inverses are 
given by Spanier-Whitehead duality. 


^This convention is slightly different from that of HU- The object (X, m, n) in the set of stable equivalence classes 
£, as defined above, corresponds to {X, ^,n) in the conventions of |18) . 
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2.2. G-CW decompositions of G-spaces. Throughout this section X will denote a space of 
type SWF. Here we will give example G-CW decompositions and construct a G-CW structure on 
smash products of G-spaces. 

For W a CW complex, we write {W) for the corresponding cellular (CW) chain complex. 
We fix a convenient CW decomposition of G. The 0-cells are the points 1, j, in G, and the 
1-cells are s,js,j‘^s,j^s, where s = {e*^ e 5^ | 0 e (0,7r)}. We identify each of the cells of this 
CW decomposition with its image in G^^(G), the corresponding CW chain complex of G. Then 
d{s) = 1-1- To ease notation, we will refer to G^’^(G) by Q. 

We will use that this CW decomposition also induces a CW decomposition of for which 
is the subcomplex of Q generated by l,j^,s,j^s. 

A G-CW decomposition of X also induces a CW decomposition of X, using the decomposition 
of G into cells as above, which we will call a G-compatible CW decomposition of X. 

Example 2.8. Note that the representation admits a G-CW decomposition with 0-skeleton 

a copy of on which G acts trivially, and an i-cell Ci of the form x Z/2 for i ^ s. One of the 
two points of the 0 -skeleton of {W)~^ is fixed as the basepoint. 


In particular, any space of type SWF has a G-CW decomposition with a subcomplex as in 


Example 2.8 


Example 2.9. We find a CW decomposition for EI+ as a G-space. We write elements of El as 
pairs of complex numbers {z, w) = , r2e*®2) in polar coordinates. The action of j is then given 

by j{z,w) = {—w,z). Fix the point at infinity as the base point. We let (0,0) be the (G-invariant) 
0-cell labelled vq. We let yi be the G-l-cell given by the orbit o/{(ri,0) | ri > 0}.' 


{(rie*'’,r2e*^) | rir2 = 0}. 


We take y 2 the G-2-cell given by the orbit of {{ri,r 2 ) \ rir 2 ¥= 0.}.' 

{(rie*^^,r2e*^^) | 9 i = 62 oi 6i = 02 it mod 27 r}. 
Finally, consists of the orbit 0 /{(rie*®b ^ 2 ) | 61 £ (0, vr), rir 2 0.} : 

{(rie*®b ^ 26 *^^) I 01 02 mod vr}. 


We now give Ai a A 2 a G-CW structure for Xi and X 2 spaces of type SWF. To do so, we 
proceed cell by cell on both factors, so we need only find a G-CW structure on G x G, Z/2 x G, 
and Z/2 x Z/2, each with the diagonal G-action. The space Z/2 x G has a G-CW decomposition 
as G11 G, as may be seen directly, and Z/2 x Z/2 may be written as a disjoint union of G-O-cells 
Z/2 U Z/2. 

Example 2.10. The G-CW structure on G y. G is more complieated. We choose a homotopy 
fit ■ G X G ^ G X G as in Figure^ with t e [0,1], fio = Id, and fii{G x G) shown. The arrows 
depict the action of . On the left, the diagonal lines show the G-action before homotopy. For 
example, as shown in Figure\R the homotopy fi takes the line £ = {(e*® x e*® | 0 e (0,7r)}, the first 
half of the diagonal in x S^, to the sum of CW cells: 

s 0 1 + 0 s- 


The arrows on the right show the G-action on G x G given by 
(12) g{gi X g2) = fii{gfif^{gi x g2)). 

The aetion (12) is clearly cellular with respect to the product CW structure ofGxG. 

Since the G-equivariant homotopy type of the G-CW complex of G x G is invariant under 
homotopy, we let G act on G x G by (12). With this action, G acts cellularly on the product 
CW decomposition of G x G. Then G x G admits the produet CW-decomposition as a G-CW 
decomposition. 
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Now, let Xi and X 2 be spaces of type SWF. We then give Xi a X 2 & G-CW decomposition 
proceeding cell-by-cell. That is, for G-cells ei c Xi, 62 Q X 2 we give ei a 62 the appropriate G-CW 
decomposition as constructed above. This is possible because the cells e* are necessarily of the 
form: x Z/2, or X G. In particular, the construction of a G-CW structure on Xi a X 2 

gives us a G-CW structure for suspensions. For V a hnite-dimensional G-representation which is a 
direct sum of copies of M, M, and H, we have = V'^ a X, and so give S'^X the smash product 

G-CW decomposition. 

Finally, we construct a CW structure for the G-smash product Xi agX 2 = {Xi a X 2 )IG. More 
generally, we describe a CW structure for the quotient VF/G for IT a G-CW complex. Indeed, let 
bF = IJ ej a G-CW complex, where x G/Hi are equivariant G-cells for some function 

k, and Hi G are subgroups. Then IT/G admits a CW decomposition given by IT = [Jej/G = 


2.3. Modules from G-CW decompositions. Throughout this section X will denote a space of 
type SWF. Here we will show that the CW chain complex of X inherits a module structure from 
the action of G, and we will define chain local equivalence. 

From the group structure of G, G^'^(G) = Q acquires an algebra structure. The algebra 
structure is determined by the multiplication map G x G ^ G from which we obtain a map 
G,^'^(G)0FGf'^(G) ^Gf^(G). Here, we have used the product G-CW decomposition of G x G, 
from Example |2.10[ for which the multiplication map is cellular. One may then directly compute 
the algebra structure of Q. Explicitly, 

Gf'^(G) - ¥[s,j]/isj = fs, = 0 ,/ = 1). 


For any G-compatible decomposition of X, the relative CW chain complex G^^(X, pt) inherits 
the structure of a ^-chain complex. That is, G^^(X, pt) is a module over Q, such that, for 
z e G^'^(X,pt), and a e Q, d{az) = ad{z) + d{a)z. The ^-module structure comes from the maps: 

(13) C^^{G) 0 Gf'^(X) ^ C^^{X), 

coming from the G-action. The condition that the CW decomposition of X be G-compatible ensures 
that the map G x X —> X is cellular, so that (13) is well-dehned. 


We find the module structure for the Examples |2.8 2.10 of Section |2.2[ 

Example 2.11. Consider the Q-chain complex structure 0 /G^'^((M^)“'',pt) from Example 
Identifying Ci with its image in G^'^((M®)“'", pt), we have d(co) = 0,d(ci) = cq, and d{ci) = (1 -I- 
j)ci-i for i ^ 2 . One may easily check that the action of Q is given by the relations jco = cq, 


2.8 
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j‘^Ci = Ci for i ^ 1, and sci = 0 for all i (in particular, the CW cells of ((M^)"^,pt) are precisely 
co,ci,...Cs and jci,jcs, and all of these are distinct). 

Example 2.12. We also find the Q-chain eomplex structure o/pt) from Example 
One may cheek that the differentials are given by 

(14) d{ro) = 0, dyi = fq, dy 2 = (1 + j)yi, and dy^^ = syi + (1 + j)y 2 - 

The Q-aetion on the fixed-point set, fq, is necessarily trivial. However, elsewhere the G-action on 
(H+jpt) is free, and so the submodule (not a subeomplex, however) o/Cfpt) generated by 
yi) 2 / 2 j 2/3 is Q-free, speeifying the Q-module structure of , pi). 


2.9. 


Example 2.13. The CW chain complex of the usual product CW structure on G x G becomes a 
Q-module via: 

C^^{G X G) = C^^iG) 0F C^^{G), 
where the aetion of Q is given by: 

(15) s(a 0 b) = (sa 0 6) + (j^a 0 sb), 

j(a0b) = (ja0jb). 

The differentials are induced by those of the usual product CW structure on G x G. 


For Xi A X 2 with the G-CW decomposition described in Section [2]^ we have: 

(16) C^^iXi A X 2 , pt) = C^^{X,,pt) 0F C^^{X 2 , pt), 
as ^-chain complexes. 

Furthermore the CW chain complex for the G-smash product Xi aq X 2 is given by: 

(17) c^^ix, ag X 2 ,pt) ^ c^^iXi A X 2 , pi)/g. 


We will write elements of the latter as xi 0g X 2 . Note that Borel homology H^{X) is calculated 
using a G-smash product, and so may be computed from the following chain complex: 


(18) 


H^{X) = H{C^'^{EG) 0g C^'^{X,pt),d). 


iCW 


CWi 


In (18), we choose some fixed G-CW decomposition of EG to define C^'^{EG). Equation (18) 
shows that we may define G-Borel homology for ^-chain complexes Z by: 

(19) 


Hf{Z)=H{C(:^{EG)0gZ,d), 


CW( 


and similarly for S'^-Borel homology: 


( 20 ) h!\z) = H{C^^{EG) 0ccw^sf Z,d), 

where C^^{S^) is viewed as a subcomplex of Q. 

For R a ring, M an i?-module with a fixed basis {Bj}, we say that an element me M eontains 
b e {Bi} if when m is written in the basis {Bj} it contains a nontrivial 6 term. 


Definition 2.14. We call a ^-chain complex Z a chain complex of type SWE at level s if 0 is 
isomorphic to a chain complex (perhaps with a grading shift) generated by 

(21) {co,ci,C2, ...,c4 U 

iGl 

subject to the following conditions. The element a is of degree i, and I is some finite index set. 
The only relations are j‘^Ci = Ci,sci = 0,jco = cq. The differentials are given by dci = cq, and 
dci = (1 + j)ci_i for 2 ^ f ^ s — 1. Further, d{cs) contains (1 + j)cs-i. The submodule generated 
by {xi}iei is free under the action of Q. We call the submodule generated by {cj}i the fixed-point 
set of Z. 
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Chain complexes of type SWF are to be thought of as reduced G-CW chain complexes of spaces 
of type SWF. Indeed, all spaces X of type SWF have a G-CW decomposition with reduced G-CW 
chain complex a complex o f typ e SWF. To see this, we first decompose ~ using the CW 

decomposition of Example |2.8| for We note next that X^^ is a G-CW subcomplex of X, and 

all cells of {X,X^^) are free G-cells, since X is a space of type SWF. Label these cells {xi} for i in 


some index set. Then it is clear that the corresponding CW chain complex is as in Definition 2.14 


To introduce chain local equivalence, we will consider the CW chain complexes coming from 
suspensions. For a module M and a subset 5* Q M, we let (5) c M denote the subset generated 
by S. 

Note that, by Example 2.11 and the CW decomposition constructed in Section 2.2 for suspen¬ 
sions, for X a complex of type SWE: 

(22) S®G,^'^(X, pt) = <co, ci> C^^{X, pt), 

with relations dci = cq, j^ci = ci,jco = cq , scq = sci = 0. The differential on the right is given by 
d{a ® 5) = d{a) ® 6 -I- a ® d{b). Similarly, using Example 2.12 

gCW(5.Hx, pt) = ys) ®F C^^iX, pt). 


with the product differential on the right, and differentials for the m given as in Example 2.12 
Eor E = H, M, or M, we define TXZ so that if Z = G^^(X, pt) for X a space of type SWE, 
then = G^^(S^X,pt). We set: 

(23) S'^Z = G,^’^(E+,pt) 
with ^-action given by: 

(24) s(a 0 6) = (sa 0 6)-I-(j^o 0 s6), 

j{a®b) = ja(S)jb, 

for V = H,M, or M. The chain complexes G^'^(EI''‘,pt) and G^'^(M“'',pt) were given in Examples 


2.11 


and 


2.12 


respectively. Also, G^'^(M“'',pt) = (ci), where jci = ci,sci = 0, and deg ci = 1. 


Hence, for example: 

(25) 

Lemma 2.15. Let V = 

S^Z = Gf'^(S'^X,pt). 


or 


jXz = z[-i]. 

If Z = G^'^(X, pt) for X a space of type SWF, then 


Proof. This follows from the CW chain complex structure given for suspensions in Section 2.2, and 

(T§. □ 

Eor V = H* © for some constants i, j, k, we define S'^Z by: 


S^Z = (S®)*(S®)^'(SM)^Z. 


(26) 

where (S'®)* denotes applying S'® i times, and so for 
(27) 

for two G-representations V, W. 


and M. It is then clear that: 


S^sVEz ^ 


Definition 2.16. Let Zj be chain complexes of type SWE, mi e Z,ni e Q, for i = 1,2. We call 
(Zi,mi,ni) and (Z2,m2,n2) chain stably equivalent if ni — n2 e Z and there exist M e Z, N e Q 
and maps 

^(7V—ni)IH[^(Af—^ ^(7V—n2)IH[^(7W— 


(28) 

(29) 




2 , 
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which are chain homotopy equivalences. 

Remark 2.17. We do not consider suspensions by M, unlike in the case of stable equivalence for 


spaces, since by (25), no new maps are obtained by suspending by 


Chain stable equivalence is an equivalence relation, and we denote the set of chain stable equiv¬ 
alence classes hy 

Lemma 2.18. Associated to an element {X, m,n) e there is a well-defined element pt), m, 

ce. 

Proof. Say that [(Xi,mi,ni)] = [{X2,m2,n2)] 6 with G-CW decompositions Ci of Xj. We will 
show that 

( 30 ) [(G^^(Xi,pt), 772 - 1 , m)] = [(C'f^(X 2 ,pt), 7722 ,222)] 6 Cg, 

where G^'^(Xi,pt) is the ^-chain complex associated to the G-CW decomposition Ci of X*. (In 
the case Xi ~ X2, and 7721 = 7722,721 = 722, we are showing that the corresponding element in 
does not depend on the choice of G-CW decomposition). By hypothesis, there are homotopy 
equivalences / and g: 

f ■ ^ yT(A^—n2)IH[y^(7lf—Tn-2)M 

g . ^(A^—n2)lHI^(Af— 7712 )^ ^ 

By the Equivariant Cellular Approximation Theorem (see | 36 ] 1 . we may homotope / and g to 
cellular maps (where the cell structures of suspensions are given as in ( 23 )); 

j^CW , y^(A^—ni)]HIy^(Af—^ ^(A^—n2)IH[^(Af—m2)M^^ 

Since / and g are homotopy equivalences, so are f^^ and ■ The cellular maps f^^ and 
induce maps f,^ and 5*: 

These are chain homotopy equivalences, by construction, and so we obtain ( | 30 [ ), as needed. □ 

Definition 2.19. Let Zi be chain complexes of type SWF, rui e Z,ni e Q, for i = 1 , 2 . We call 
(Zi, 7721 , 72 i) and (Z2, 7722 ) 722) chain locally equivalent if there exist M e X, N e Q and maps 

^ ^(A^—n2)H[^(-^—?772)M^ 

— 7ll)]HI^(Af — 771 i)]R^ ^_ Xj^^ — 7l2)H^(Ai' — TYl2)^^ 

which are chain homotopy equivalences on the fixed-point sets. 


We call a map as in (31) or (32) a chain local equivalence. Elements Z\,Z 2 e are chain 
locally equivalent if and only if there are chain local equivalences Z\ Z 2 and Z 2 ^ Z\. There are 
pairs of chain complexes with a chain local equivalence in one direction but not the other; these are 
not chain locally equivalent complexes. Chain local equivalence is an equivalence relation, and we 
write (Zi, 7721 , 72 i) =d (Z 2 , 7722 ,722) if (Zi, 772 i , T2i ) is chain locally equivalent to (Z 2 , 7722,222). Denote 
the set of chain local equivalence classes by Gl-CG:. The set C-CG: is naturally an abelian group, with 


multiplication given by the tensor product (over F, with ^-action as above). As in Lemma 2.18 
associated to an element (X, 772,72) 6 there is a well-defined element (G^'^(X, pt), 772, n) 6 Gl-CG: 

It follows from the definitions that the ^-module G^^(X, pt) determines H^{X) for X a space 
of type SWF. 
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2.4. Calculating the chain local equivalence class. In this section we will obtain a description 
of more amenable to calculations than the definition. Throughout this section Z will denote 
a chain complex of type SWF. 

In order to determine if (Zi, mi, ni) and (Z 2 , m 2 , 112 ) are chain locally equivalent without check¬ 


ing all possible M,N, we will use the forthcoming Lemma 2.22, To prove Lemma 2.22 we will 


first need Lemma 2.20 a result on chain homotopy classes of maps between fixed-point sets. For 


two ^-chain complexes Z[ and Z 2 , let [Z[ , Z 2 ] denote the set of chain homotopy classes of maps 
from Z[ to Z 2 ■ We have an algebraic anologue of the Equivariant Freudenthal Suspension Theorem 
(Theorem 3.3 of [T]), as follows. We recall that for Z a chain complex of type SWF at level s, the 
fixed point set R Z is isomorphic, as a ^-chain complex, to 


(33) 


a 


CWI 


I C.s)i 


Spt) ^ <co, 

with relations jcq = scq = 0 and, for i > 0, = Cj, while sci = 0. The differentials in (33) are 

given by d{ci) = (1 -I- j)ci-i for 2 ^ ^ s, and d{ci) = cq, 5(co) = 0. 

Lemma 2.20. Let Ri = R 2 = C^'^(M^,pt), where = denotes isomorphism of Q-chain complexes. 
Then the map 

(34) [Ri,R2\^[TFRi,Yi^R2l 

obtained by suspension by H is an isomorphism. 


Proof. To show that the map in (34) is an isomorphism, we consider the commutative diagram: 


(35) 


pec-cw( 50 , ^(5°, pt)] 






[i?l, R 2 ] 


: [C,^'^(5^pt),C,^'^(5^pt)] ^ [S“C,^■^(5^pt),S“^7,^''^(5^pt)], 


We have used the isomorphisms Ri = R 2 = pt) in writing the right column. In (35), 

the composition is precisely 

S®®®" : [Cf'^(5°,pt),C^^(5°,pt)] ^ 

In writing ( |35| ), we have also used that for Z a ^-chain complex, and V,W representations of G, 
py Z = as in \2l\ . We will show that the maps: 

\/^CW ( qO 

(37) 
and 

(38) 


-iCWraO 


CWr cO 


-iCWraO 


: [C^^{S^,pt),C^'^{S^,pt)] - [RUR2I 


CW(q0 


: [S®*C'®'^(5°,pt),S“C^^''^(5^pt)] ^ [S“i?i,E“i22] 


-MriCW / nO 


,H 1 




are isomorphisms. Then, since three of the four maps in (35) are isomorphisms, so is the fourth. 


which is exactly the map from (34), proving the Lemma 


We show that (36) is an isomorphism. We use the notation of Example 2.12 for pt), 

writing cq for the generator of C^'^(5'°, pt). Let / 6 pt), pt)]. Then 

/(ro0co) = To®co or /(ro®co) = 0, for degree reasons. In the former case, f{yi ®co) = uipi ®co 
where ui is a unit in Q. Indeed, this follows from the requirement: 

difivi 0 Co)) = f{d{yi 0 Co)) = /(ro 0 cq) = tq 0 cq. 

Similarly, we obtain, perhaps after a homotopy, 

(39) f{yi 0 Co) = Uiyi 0 cq, 
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where Ui is a unit in Q for i = 1,2,3. Indeed, this follows from H^{Tp-{co')) being concentrated in 
grading 4. For instance, f{y2 0 cq) + uiy2 0 cq must be a cycle in S'®(co), since d{f{y2 0 cq)) = 
f{S{y2 0 co)) = (1 + j)uiyi 0 co. Then, by i?2(S’®<co» = 0, the element f{y2 0 co) + uiy2 0 co is a 
boundary, and we may choose a homotopy h, vanishing in grading 1 , so that {dh + hd){y2 0 cq) = 
dh{y2 0 Co) = f{y2 0 cq) + uiy2 0 cq. This establishes (39) for 1 = 2, and i = 3 follows similarly. 


We show that / ~ Idj^H(^cw(go pt) • We define a homotopy h : pt) ^ pt) 

from / to Idj]Hccw (50 p^p proceeding by defining it in each grading. First, let /i(ro0co) = 0. Then 
choose h in grading 1 so that dh[yi ®co) = (1 + ui)yi 0co, and extend ^-linearly. This is possible, 
because (1 + Mi)yi ®co is a boundary in pt) for any unit ui. An elementary calculation 

shows that h may be extended over degree 2 and degree 3. In the case that /(rg 0 cg) = 0, an 
explicit homotopy as above shows that / is homotopic to the zero map. This shows that (36) is 
surjective. 


To show that (36) is injective, we note that pt), Cf pt)] = [{co),{co)] is exactly 

Z/2 as there is precisely one nontrivial map, cg cg. Then we need only show the identity map has 
nontrivial suspension. But S'^Idj^cw^^jo pt) = Id]a+, which induces an isomorphism in homology. 


and so is not null-homotopic. Then, indeed, we obtain that the map in (36) is an isomorphism. 


The proof of the isomorphism (37) is parallel to the proof of 


and is left to the reader. 


We show that the map in (38) is an isomorphism. Note that pt) ~ pt). 

We let © denote a direct sum of ^-modules that is not necessarily a direct sum of chain complexes 
(i.e. there may be differentials between the summands). Then pt) = {co)©T, for T a 

^-free submodule, which is not a subcomplex. We have: 


(40) 


S^“cf^(e+,pt) = S““<co>®S^"T. 


However, ~ T[—s]. Indeed, we have a map 7 : T[—s] —> defined by 7 (a:[—s]) = C0x, 

where C is the fundamental class of (M®)+. If Z is of type SWF at level 0, then C = cg, while if 
Z is of type SWF at level s > 0, we have C = (1 -I- j)cs, where we use the notation from Example 
2.11 Also, 7 is a chain map, as the reader may verify. Furthermore, it is clear that 7 induces 


a quasi-isomorphism. We show it is, in fact, a homotopy equivalence. We construct a homotopy 


inverse 


(41) r : ^ F[-s], 

so that t(C 0 x) = x[—s] for x e F. We treat the case s = 1; for s > 1 we apply: 

(42) = (S®)^F ~ F[-s]. 

Fix a ^-basis Xi of F. Assume we have defined r(cfc ® Xi) for k = 0,1, for all Xi such that 
deg Xi ^ m — 1, for some m. For generators xi of degree m we define: 

(43) r(co ® Xj) = r(ci ® ^Xj), 

t(ci 0 Xi ) = 0, 
r(jci © Xi) = Xi[-1], 


and extend by linearity. The reader may check that the extension (43) is a chain map. Further, 
(1 -I- j)ci ® X — > x[— 1] for all X e F by definition, so ry = 1^[_5], where 1f[-s] is the identity on 
F[-s\. 

We find a homotopy H from qr to Id^i^, to show that 7 is a homotopy equivalence. Fix 
generators Xi as in the definition of r. Define H by H{cg 0 Xi) = ci ® Xi, for all Xi, and by 
H{ci 0 x) = 0 = H{jci 0 x) for all x e F, and extending linearly. We check that 77 is a chain 
homotopy between yr and Id^*^, on the basis of generators Xi. That is, we must check: 

(44) {dH -L Hd){cg 0 Xi) = 7r(co © x*) -f cq © Xj, 
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{dH + Hd){ci 0 Xi ) = 7t(ci 0 Xi ) + ci 0 x*, 

{dH + Hd){jci®Xi) = 7 r(jci 0Xi) + jci 0Xj. 

are true for all Xi with deg Xi ^ N for some N. The inductive 


(45) 
and 

(46) 

We suppose inductively that (44) 
hypothesis is true (vacuously) for N sufficiently small, since -F is a bounded-below complex. Fix 
Xi of degree + 1. We show that (44)-(46) hold for Xj. 

First, consider: 

(47) {dH + Hd){co0Xi) = d(ci 0Xj) -h F7(co 0 dxi), 
where we have used the definition H{co 0 x^) = ci 0 Xj. Also: 

(48) {dH + Hd){ci 0 dxi) = dH{ci 0 dxi) -I- F7(co 0 dxi) = 7 r(ci 0 dxi) -I- ci 0 dxi, 


by the inductive hypothesis. Rearranging (48), we have: 

(49) H{co 0 dxi) = 7 r(ci 0 dxi) -I- ci 0 dxi -I- dH{ci 0 dxi). 

By the definition of r, we have r(ci 0 dxi) = r(co 0 Xi), so, using ( [47| ), we obtain: 

(50) {dH -h Hd){co 0 Xj) = 7 r(co 0 Xj) + CQ®Xi + dH{ci 0 dxi). 

But H{ci 0 dxi) = 0 by definition, so: 

(51) {dH -h Hd){co®Xi) = ^T{cQ®Xi) + cq 0Xj, 
verifying (44). 

Next, we investigate {dH + Hd){ci 0Xj): 

(52) {dH -h i7d)(ci 0Xj) = dH{ci 0 Xj) + H{cQ®Xi) -h H{ci 0 dxi) = H{cq<S) Xi) = ci 0Xi, 
using H{ci 0Xj) = 0 and H{ci ®dxi) = 0. Using r(ci 0Xj) = 0, we obtain ( |4^ from (52). 

We also check {dH -I- Hd){jci 0Xj) : 

(53) {dH + Hd){jci®Xi) = dH{jci0Xi) + H{co(g)Xi) + H{jci0dxi) = H{co<S>Xi) = ci0Xi, 

since H{jci 0Xj) =0 and H{jci 0 dxi) = 0 by definition. Additionally, r(jci 0Xi) = Xi[—1], and 
7 (xi[-l]) = {1 + j)ci 0 Xj. Then ci 0 x* = 7 r(jci 0 Xj) -h jci 0 x,, and 


follows from 

Then H is a chain homotopy between yr and Id^g^, as needed, and so 7 and r are homotopy 
equivalences. 

We let I denote the identity map on S®^(co). We have a homotopy equivalence: 




(co>©T[-s]. 


[S®\co>®F[-s], S®\co>©F[-s]], 


(54) 

Further, there is an isomorphism 

pt- ^cw (JJ+ ^ ^ 5.R- ^CW ^ p^^ J 

given by 

/ ^ (II©r)/(I©7). 

Here, the map (I[© 7 ) acts by the identity on the first summand, and by 7 on the second. 

We first prove surjectivity of (38). Fix an element / e pt), S®‘’C'^'^(EI+, pt)]. 

Let /' = (I©r)/(I© 7 ). We find g : C^^(H+,pt) ^ ©^^(11+,pt) so that jf'g - f. We define g 
separately on the two summands pt) and F. 

Let gi e [©f'^(S'°, pt), ©^^^(5°, pt)] so that /|<co,...,cA- Such a gi exists by (37). 

Further, note that there is a natural isomorphism [F, F] = [F[—s], F[—s]], and let 52 £ [F, F'jbe 
the element corresponding to f'\p[_s] e [F[—s], F[—s]]. Define g : {co)©F —> (co)©F by 

(55) g = gi®g 2 - 
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We need to check that 5 is a chain map. This is clear for g\p and 5 '|<co>) by the construction of g, 
so we need only check x e F so that dx e ( cq ). In this case, we have, where C is the fundamental 
class of 


(56) 


by (55). Moreover, 
(57) 


(l^R. <S) g)iC 0 d{x)) = flj.m^iC^dix)), 


f'\j.is{C(S)d{x)) = d(/(C'0x)) = d(7/'r(C0x)). 


Here, we have used that x e F, and the definition of /'. Additionally, 7 /'r(C 0 x) e T[—s] for 
degree reasons. Then, 


(58) 


7/'r(C'( 


>a;) = 7 (/'(x[-s])) 

= 7(ff2(a:)[-s]) 

= C^g2{x) 

= <^g){C0x). 

Composing these equalities, that is, substituting 
(59) 


into (57), we obtain: 


(l^i- 0 9 )(C' 0 d(x)) = d((lj,R. 0(/)(C'0x)) = C(S)d{g{x)). 

It follows that g{d{x)) = d{g{x)), establishing that g' is a chain map. By construction, 

(I©t)S«“5(]I©7) ^ /', 

and so g ^ f, as needed. 


Finally, we check injectivity of (38). We have Kco),{co)] = [S®’(co), B'®(co)] is Z/2, with non¬ 
trivial map given by the identity Id]fj+. We need only show then that the map S®'’ld]a+ is not 
null-homotopic. Indeed, it induces a nontrivial map on homology by construction, so is not null- 
homotopic. Then (38) is an isomorphism, as needed. □ 

Remark 2.21. We have [Cf'^(5*^, pt), C'^^(S'‘^, pt)] = Z/2, as remarked in the proof. Hence 
JM implies = Z/2. 


Lemma 


Lemma 2.22. Let Zi and Z 2 be locally equivalent chain complexes of type SWF. Let Ri a Zi be 
the corresponding fixed-point sets. Additionally, for all nonzero homogeneous re Ri, we require 
deg r < deg x for all nonzero homogeneous 


X G ZifRi 


for i = 1,2. Then there exist chain maps 
(60) 


Zi Z 2 , 

Zl <— 02, 

that are chain homotopy equivalences on the fixed-point sets. 


Proof. Let Zi{N,M) denote By hypothesis there exist maps which are homotopy 

equivalences on the fixed-point sets: 

(61) Zi{N,M)^ Z2iN,M), 

Zi{N,M) ^ Z2{N,M), 

for M, N sufficiently large. 
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Claim 1. Let V = El or M. Let Zi, for i = 1,2, as in the Lemma, and take (p a map which is a 
chain homotopy equivalence on fixed-point sets: 

0 : zyzi TyZ2. 

Then cj) is chain homotopic to the suspension of a map, also a chain homotopy equivalence on 
fixed-point sets: 

4>q '■ ^ ^2- 


Since ZX Zi also satisfy the conditions of the Lemma, it follows from Claim that any map 
which is a homotopy equivalence on fixed-point sets, for Mq, Nq ^ 0: 

0 :Zi(iVo,Mo)^Z 2 (iVo,Mo) 

is homotopic to the suspension of a map: 


(t>Q '■ Zi ^ Z2, 


which implies the existence of the maps as in (60). 

We prove Claim for C = H; the case oiV = M is similar, but easier. 

We let © denote a direct sum of ^-modules that is not necessarily a direct sum of chain com¬ 
plexes. 

Let Fi be the ^-free submodule (not necessarily a subcomplex) of Zi generated by elements x of 
degree greater than deg r for all r in the fixed-point set Ri. We will also consider Fi as a ^-chain 
complex so that the projection 

Zi —> Zi/Ri ~ Fi 

is a map of complexes. Then we have Zi = i?j©T). For a given local equivalence (j) : ^ JX-Z 2 , 

we have the diagram: 

S®(i?i©Fi) —^ JX{R2®F2) 


iJXRi)®{j:'^Fi) -. (S®®i?2)©(SHF2) 

However, is homotopy e quiva lent to = F’j[—4]. To see this, we use the notation for 

suspension by El as in Example 2.12 and write 7 : F)[—4] ^ where 7 (x[—4]) = s{l+j)^y30x. 


The term s(l -I- j)^y 3 appears as it is the fundamental class of ^ EI+. Furthermore, 7 is a chain 
map, as the reader may verify. It is clear that 7 is a quasi-isomorphism, and it is, in fact, a 
homotopy equivalence. There is a homotopy inverse r, whose construction is analogous to that in 
(43), so that r(s(l + j)^y 3 ® x) = x[—4]. We obtain a map: 

X = (lE=R.eT)<()(lsH«,©7) : (S=i?i)©(Fi[-4]) - (S=ii2)©(E2[-4]). 

Here we write 1 shhi© 7 the map that acts as the identity on the factor, and as 7 on 

the free factor, and similarly for IshrjQt. For degree reasons, cj)' sends —> S®i ?2 and 

Fi[—4] —> F 2 [—4]. By (34), we have: 

(62) [Ri,R 2 \^[TXRi,T/^R 2 \ 

is an isomorphism. Also, [Fi[—4], F 2 [—4]] = [^ 1 ,^ 2 ], clearly. Define 4>o\r-^ by the element of 
[i?i, R 2 ] corresponding to ^ S®i? 2 ]- Similarly, define <^o|fi by the element of [Ei, E 2 ] 

corresponding to (/)'|i? 7 _ 4 ] 6 [Ei[—4], E 2 [—4]]. Then we have a map, of ^-modules: 

(po : El © El —> E 2 © E 2 . 

We show that 4>q is actually a map of ^-chain complexes: 

4 >o ■ Zi = El ©El —> E 2 ©E 2 = Z 2 , 
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by showing (f)Q{dx) = dtpox for x e Fi. We proceed as in the proof of Lemma 2.20, Indeed, we need 
only check those x e Fi with dx e Ri, since (polPi is a chain map by construction. For x e Fi such 
that dx e Ri, we have 


(63) 


(l^H 0(/)o)(s(l + jfy30dx) = (/>'|shri(s(1 + jfy3<S)dx), 


by the definition of (pQ. Here we write Ish 0i?i>o for the map obtained by suspending cpQ by H, acting 
as the identity on H. Also, (p' is a chain map, so 

+ 3fy3®Sx) = (p{s{l +jfy30dx) = d'y(p'T{s{l +jfy3<S)x). 

However, 'y(p'{T{s{l + j)^y 3 0x)) e F 2 [—4] for degree reasons, so 
(64) 7 (/>'(r(s(l + jfys 0 x)) = -^{(p'{x[-A])) 

= l{(p'{x)[-A\) 

= s{l + jfy3® (p' {x) 

= {ljm®(pQ){s{l+ jfvi^x). 

Composing the equalities, we have: 

{{l^u(S)(po){s{l +jfy3<S)dx)) = (S) (po){s{l + jfy3<S)x)) = s(l + jfy3<S)d(po{x), 

which gives: 

(po{dx) = d(po{x). 

This shows that (pQ is a chain map. By construction, — '/’^(IshRi©''")• Finally, 

(lsHj? 2 ©r)(()(lsHiji© 7 ) = (p\ so cp = (1shr2®'T)<(''(1shRi©^) = ^^ 4 >o, as needed. □ 


For Z a chain complex of type SWF, we will let Z also denote the element {Z, 0,0) 6 

Definition 2.23. Let R be the hxed-point set of Z. If degr < degx for all nonzero homogeneous 
x e {ZjR) and r e R, we say that the chain complex 0 is a suspensionlike complex. 


Remark 2.24. Let X he a free, finite G-CW complex. Then the reduced G-CW chain complex of 
T,X, the unreduced suspension of X, is a suspensionlike chain complex. Conversely, any suspen¬ 
sionlike chain complex with fixed-point set R = (cq) may be realized as the G-CW chain complex of 
an unreduced suspension. Further, any suspensionlike chain complex of type SWF is chain stably 
equivalent to C^^{X,Y)i) for some space X of type SWF. 


Lemma 


2.22 


_ states that are suspensionlike, then all local (stable) maps 

between (Zi,mi,ni) and {Z 2 ,m 2 ,n 2 ) are realized as genuine chain maps by suspending the com¬ 
plexes Zi by NqH © MqM. 


2.5. Inessential subcomplexes and connected quotient complexes. 

Definition 2.25. Take Z a chain complex of type SWF, and let R Z be the fixed-point set. For 
any subcomplex M Z such that M n R = {0}, the projection Z ZjM is a chain homotopy 
equivalence on R. If there exists a map of chain complexes ZjM Z that is a chain homotopy 
equivalence on R, we say that M is an inessential subcomplex. 

If M is inessential, then Z/M =ci Z. We order inessential subcomplexes by inclusion, N ^ M 
\i N M. We show that there is a unique “minimal” model Z/N locally equivalent to Z. 

Lemma 2.26. Let M ^ Z be an inessential subcomplex, maximal with respect to inclusion. Then 
a map f : Z/M ^ Z which is a homotopy equivalence on fixed-point sets is injective. 
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Proof. Indeed, say / : ZjM ^ Z is a local equivalence with nonzero kernel. Let Ri denote the 
hxed-point set oi ZfM and R 2 denote the hxed-point set of Z. Since / restricts to a homotopy 
equivalence on the fixed-point sets, (ker/) n iii = {0}. Let vr : Z ^ Z/M be the projection map. 
Then / induces a map Z/(7r~^(ker/)) —> Z, and by (ker/) n i?i = {0}, this map is a homotopy- 
equivalence on fixed-point sets. Additionally, we have 7r~^(ker/) n i ?2 = {0}. Then 7r“^(ker/) is 
an inessential submodule, and it (strictly) contains M, contradicting that M was maximal. Then 
/ was injective, as needed. □ 

Lemma 2.27. Let Z he a chain complex of type SWF and let M, N ^ Z be inessential subcomplexes, 
with M and N maximal with respect to inclusion. Then ZjM = ZjN, where = denotes isomorphism 
of Q-chain complexes. 


> Z, and /3 : Z/N 
Z Z/M. 


Z as above, consider the 


Proof. Indeed, if there exist maps a : Z/M 
composition: 

(f : Z/N 

In particular, we have a map acj) '. Z/N Z, which is injective by Lemma 2.26 It then follows 
that (f> is injective. We also have: 

: Z/M ^ Z ^ Z/N. 

As before, i/ is injective. Then, since we have injective chain maps between Z/N and Z/M, finite¬ 
dimensional F-complexes, the two chain complexes must have the same dimension. An injective 
map between complexes of the same dimension is bijective, and, finally, a bijective ^-chain complex 
map is a ^-chain complex isomorphism. □ 

Lemma 2.28. Let Z be a chain complex of type SWF and M a maximal inessential subcomplex of 
Z. We have a (noncanonical) decomposition of Z: 

(65) Z = (Z/M)©M, 

where the isomorphism class of Z/M is an invariant of Z, independent of the choice of maximal 
inessential subcomplex M Z. 

Proof. Let /3 


by Lemma 2.26 


Z/M —> Z be a homotopy equivalence on fixed-point sets. The map /3 is injective 
Let vr be the projection Z —> Z/M. We note that (dir(3 is a map Z/M —> Z which 
is a homotopy equivalence on the hxed point set, and so by Lemma 2.26, /dirfd is injective. Then 
tt/3 is also injective. 

We have a map /3 © z : {Z/M) @ M ^ Z, where i is the inclusion i : M ^ Z. We check that 
/3 © z is injective. Indeed, if (/3©z)(2;©m) = 0, we have /3(z) = m. By definition, 7r(m) = 0, 
while 7r/3 is injective. It follows that m = z = 0, and /? © z is injective. Then Z/M © M —> Z is 
an injective map of F-vector spaces of the same dimension, and so is an isomorphism (of ^-chain 


complexes). Since, by Lemma 2.27, the isomorphism class of Z/M is independent of M, we obtain 
that the isomorphism class of Z/M is a well-defined invariant of Z. □ 


Definition 2.29. For Z a chain complex of type SWF, let Zconn denote Z/Ziness) for Zij 
maximal inessential subcomplex. We call Zconn the connected complex of Z. 


Z a 


Theorem 2.30. Let Z he a suspensionlike chain complex of type SWF. Then for W another 
suspensionlike complex of type SWF, Z =^1 W if and only if Zconn = Wconn- 


Proof. By Lemma 2.28 we may write Z = Zconn © ^iness, W = Wconn © Winess, with Zjness, W^ 


maximal inessential subcomplexes. Say we have local equivalences (we need not consider suspen- 

*■ Wconn © Wjness) 


sions, by Lemma 2.22) 


(p : Zco 

: Wc, 


© -^ine; 
n © Wir 


Zconn © Ziness' 
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We restrict (j) and to Zconn and Wconnj since it is clear that ZconnS^^iness is chain locally equivalent 
to Zconn, and likewise for Wconn- Further, we project the image of (j) and V' to VFconn and Zconn, 
respectively. Call the resulting maps (j)Q and ipQ. If (po had a nontrivial kernel, then we would obtain 
by composition a local equivalence: 


• -^conn/ker (j)Q > Zconn- 

Zconn Z gives a chain local map Ltpocpo ■ -^conn/ker cpo —> Z, 
is injective. Thus, <po is injective. Similarly ■00 is injective, so we 
obtain an isomorphism of chain complexes Zconn = Wconn- Conversely, a homotopy equivalence 


Composing with the inclusion i 
so by Lemma 2.26, iipQijjQ 


Zc 


IF,, 


yields a local equivalence Z —> IF by the composition 


Z 


IF,, 


W, 


where tt : Z ^ Zconn is projection to the first summand. 


□ 


The next Corollary allows us to view the chain local equivalence type of a space of type SWF 
in GiC: instead of CiTC:. 


Corollary 2.31. In the language of Theorem \2.3C{ there is an injection B : ^ GiG: given by 

[(Z, m, n)] —> \{Zconn,'ni,n)\, for {Z,m,n) a representative of the class [(Z, m, n)] with Z suspen¬ 
sionlike. 


Proof. Fix [(Z, m, n)] = [(Z',m',n')] e GiTG: with Z and Z' suspensionlike; we will show that 
\{Zconn,'fn,n)\ = [(Z'qj^j^, m', n')] in GiG:. First, we observe that, for F = H, M : 

( 66 ) TXZconn ^ {ZXZ)conn- 

We have, for M, N sufficiently large: 

Y^{M—n)M.^ < ^(M— 

Here the maps in both directions are local equivalences. Choosing M ^ max{m, m'} and 
N ^ max {n, n'} guarantees that both 

are suspensionlike. Then, by Theorem |2.30t we have a homotopy equivalence: 


However, by 


J' jn(M—m)R^(W—^ ^jn(M—m^)R^(7V— 

, we obtain a homotopy equivalence: 






Then \{Zconn,^,n)\ = [(Z'^^^, m', n')] e €(£, as needed. Finally, we show B is injective. If 
(Zconn, fn, n) is stably equivalent to {Z^nn, X), then (Z, m, n) and (Z', m', n') are locally equiv¬ 
alent, by Theorem 2.30 and (66). □ 


By Corollary 2.31, instead of considering the relation given by chain local equivalence, we need 
only consider chain homotopy equivalences. 


Definition 2.32. The conneeted S^-homology of (Z, m, n) e GiG:, denoted by Hconnii^, X), foi’ ^ 
a suspensionlike chain complex of type SWF, is the quotient (FI;^ {Z)/{H^ {Z^ )+H^ (Ziness)))[Ri-+ 
4n], where Ziness £ Z is a maximal inessential subcomplex. By Theorem |2.30[ the graded F[[/]- 
module isomorphism class of /^.^^^((Z, m, n)) is an invariant of the chain local equivalence class of 
(Z, m, n). 
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Remark 2.33. We could have instead considered the quotient {Z)/[Ziy^ess))[fn+^n\, which 
is isomorphic to , for some d. As defined above, H^^^^{{Z,m,n)) has no 

infinite ¥[U]-tower, because of the quotient by 


3. j-SPLIT SPACES 


In this section we introduce j-split spaces of type SWF, and compute their G-Borel homology. 
We will see in Lemma 5.3 that the Seiberg-Witten Floer spectra of Seifert spaces are j-split. The 
computation of this section will then provide the G-equivariant Seiberg-Witten Floer homology of 
Seifert spaces. 


Definition 3.1. We call a space X of type SWF j-split if X/X^^ may be written: 

X/X^^ ~ V X_, 

for some 5^-space where denotes G-equivariant homotopy equivalence, and j acts on the 
right-hand side by interchanging the factors (that is, jX+ = X_). Similarly, we call a ^-chain 
complex {Z,d) of type SWF j-split if (1) — (3) below are satisfied. 

(1) There exists fied £ Z such that (/red) is the fixed-point set, of Z. Furthermore sfied = 
0, j/red = /red- In particular, Z is of type SWF at level 0. 

(2) The fixed-point set Z^ is a subcomplex of Z (that is, d(/red) = 0). 

(3) We have: 

zfz^' = {z+ejz+), 

where is a {S^) chain complex, and j acts on the right-hand side by interchanging 
the factors. 


Recall that © denotes a direct sum of ^-modules that is not necessarily a direct sum of chain 
complexes. For a j-split chain complex Z we may write, referring to jZ+ by Z_: 

Z = (Z+ © Z_)©(/i.ed)- 

In the above, Z is to be thought of as the reduced CW chain complex of a G-space X, and fied is 
to be thought of as the chain corresponding to the S'^-fixed subset of X. The requirement that Z 


be a chain complex of type SWF at level 0 will be used in Section 3.2 to calculate the chain local 
equivalence class of j-split chain complexes. 

A j-split space X with ~ admits a CW chain complex which is a j-split chain complex. 
For X a j-split space of type SWF at level s, we use the following Lemma to relate the CW chain 
complex of X to j-split complexes. 


Lemma 3.2. Let X be a j-split space of type S'IFF at level s. Then 

[Gf^(X,pt)] = [(Z,-s,0)]e(j:£, 
for some j-split chain complex Z. 


Proof. The chain complex G^'^(X, pt) may be written 

(67) G,^^(X,pt) =F©F, 

where R = G^'^(X'^\pt) = G^^((M*)''',pt) is a subcomplex and F is a free ^-chain complex. 
Since X is j-split, the decomposition ( [hT] ) may be chosen so that 

(68) F = F+©jF+, 

where F+ is a G^'^(S^)-chain complex, and j acts on F by interchanging F+ and jF+. 
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We first show that we may choose F satisfying (67) and (68) and so that, for x e F homogeneous, 


(69) idx)\R = 0, 

if deg X ^ s + 1. 

Indeed, fix some F satisfying ( [^ and (68), and let {xi} be a homogeneous basis for F. Let 
F{n) denote the ^-chain complex generated by Xi of degree less than or equal to n. We define new 
chain complexes F'(n) so that i2©F'(n) = i?©F(n), and so that F' = |J„i^'(ra) satisfies (67)-(69). 
Let TTn denote projection 7r„ : 72©F'(n) —> R onto the first factor. Set F'{0) = 0. Assume we have 
defined F’{n) for n ^ N < s, so that (69) holds for all x e F’{n). 

We define F'{N+1) by defining generators x\ of F'[N+1)/F'[N) corresponding to the generators 
Xi of F{N + 1)/F[N). For each x* of degree + 1 so that 7rjv(dxi) = 0, let x\ = xi. If instead Xi 
is of degree N + 1 and Tr]\f{dxi) ¥= 0, then 

d{7rN{dxi)) = TTNid'^ixi)) = 0 . 

So, 7rjv(dxj) = (1 + j)cN, since (1 + j)cN is the only nonzero cycle of R in grading N (or, when 
N = 0, TrRf{dxi) = Co). However, by assumption, N < s, so 7rj\f{dxi) = Bcn+i- Then, we let 
x' = Xi + CN+l- 

Let 

F'(iV + l) = <F'(iV), J x'>. 

{i|deg Xi=N+l} 


By construction R^F'{N + 1) = R®F'{N), and (69) holds for all x e F'{N + 1). 
For N^s, define F{N + 1) by F'{N + 1) = <F'(iV), U{,|deg x.^iv+i} ^*>- 
From the construction, it is clear that F' satisfies (^7|-(p^, as needed. 


Take F satisfying (67)-(69). Consider the ^-chain complex Z = pt)©F[s], where 

C'f’^(S°,pt) = (co) is a subcomplex. To define the differentials from F[s] to pt) in Z, 

we set, for x[s] e T[s]: 


(70) 

if idx)\R = (1 + j)cs, and 

(71) 


(dx[s])|c.cw( 50 _pt) = Co, 


(dx[s])|ccw( 50 ^pt) = 0 


if {dx)\R = 0. 

By the construction of F, (70) and ( |71[ ) determine the differential on Z. 
Finally, consider the suspension: 


= S^“(C^^(S°,pt))©S^“(T[s]) ~ R@J:^°F[s]. 


We note, as in the proof of Lemma 2.20, that T[0] = F. Then, there is a homotopy 


equivalence, constructed exactly as in the proofs of Lemmas |2.20| and 2.22 
(72) T^^Z ~ R®F. 

It follows that [{Z, —s,0)] = [C'^'^(A, pt)] e CC:, as needed. 


□ 


Note also that any j-split chain complex occurs as the CW chain complex of some j-split space. 


Remark 3.3. j-splitness is not the same as Floer Kc-splitness of |18j . 
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3.1. Calculation of H^{X). In this section we will compute the G-equivariant homology of a 
j-split space in terms of its S'^-homology. 

Let X be a j-split space of type SWF at level m with X/X^^ = X+ v X_. The Puppe sequence 

X^' ^X ^ X/X^' 

leads to a commutative diagram, where the rows are exact: 

EG+ A 51 » EG+ A 51 X -» EG+ A 51 {X+ v X_) — 

(73) j [ 

—^ EG+agX/X^^ — 


EG+ agX^" 


EG+ A 51 EX^" 


EG+ agX 


EG+ agEX 


51 


In (|73| ) the vertical maps are obtained by taking the quotient by the action of j e G. The diagram 
(73) itself yields a commutative diagram for Borel homology, where the rows are exact: 


(74) <j)i 

Hf{XS^ 




HtiX) 

<l>2 

H?{X) 


S^tY ^ fVSi 


{X+)®H^ {X.) 

<p3 


S01 


7TC 




Specifically, we view (74) as a diagram of F[(jr, n]/(( 7 ^) modules, where v acts on the top row by 
and q annihilates the top row. An F[t/]-module M viewed as an F[g, ?;]/(g'^)-module this way 

is denoted reSpj:^|^j^^g 3 ^M. More precisely, let (p : F[g, ?;]/(( 7 ^) —> ¥[U] he v —>■ t/^, q ^ 0, and let 
corresponding restriction functor. The restriction takes the simple F[t/]-module 

77 in) to 


(75) 


res. 


F[H] 


I H“ 1 i. _ ., I /I ^ i\ 

-J)®vj;2([-J). 


¥[q,v]/{q^) d v""/ ' a 2 a-[-'Z ''L 2 - 

1 / -r^ \ -r-rCl / I t -T-rn / ^ ^ ^ r \ 


,r;in) = v2i[- 

We define the maps dgi : {Xj^) {X^^) and cLg : HfiX/X^^) H^iX^^) by shifting 

by 1 the degree of the horizontal maps on the right of diagram (74). (So that dgi and dc are maps 
of degree —1.) 

Fact 3.4. The map pi in ( 74) is precisely the corestriction map coiq , and is an isomorphism in 
degrees congruent to m moc 


4, and vanishes otherwise. 


Proof. This follows from the construction of the pi and the dual of Fact 2.1 □ 

Fact 3.5. 

(76) ■■ HtiX+) - H^iX/X^") 

is an isomorphism (of ¥[q, v]/iq^)-modules). 

Proof. Since X is j-split, both domain and target are isomorphic, as vector spaces, to H^iX+/S^). 
The map (^3 is a bijection and an ¥[q, t>]/(g'^)-module map, and so is an isomorphism. □ 


In particular. Fact 3.5 shows that the g-action on H^{X/X^^) is trivial. Since ps] 
isomorphism, we have: 


(77) 


res 


F[[/] 

F[g.,;]/(g3) 


HtiX+) = H^iX/X^^). 


Fact 3.6. The maps dgi and dG are¥[U] and¥[q,v]/iq^)-equivariant, respectively. 

Proof. The fact follows since the maps dgi and dc ^-re induced on Borel homology, respectively, 
from and G-equivariant maps. □ 
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By (1^, 

(78) 

Lemma 3.7. 

(79) 


We have: 


dG4>3 = 


(X) = coker dgi ©ker dgi. 


Proof. Using the top row of (74), we have an exact sequence: 

0 —> coker dgi (X) ^ ker dgi 0, 

so H^^{X) is an extension of ker dgi by coker dgi. Note that coker is isomorphic to for 
some integer d. A calculation shows Ext^j-^yj(7)^^(ni),7))^) = 0 for all d,di,ni. Thus, any extension 
of ker dgi by coker dgi is trivial, and we obtain the Lemma. □ 


We also write (79) as the homology of the complex ©77*^(X/X*^) with differential 

dgi. 

Lemma 3.8. We have: 

(80) .ff^(X) ^ coker dc © ker dc. 

as ¥[v]-vector spaces. The subspace coker dc is a ¥[q,v]/{q^)-submodule, and q a cts on x e kerdc 
by qx = 0 if x e Im iji 2 |kerdgi (using the decomposition of (X) in Lemma 3.1). Also, qx A 0 ^ 
coker dc if x e kerdc but x f Im i?!) 2 |kerdgi • As there is at most one homogeneous element of each 
degree in coker dc, qx is uniquely specified for all x e ker dc in the decomposition (80). 

we see that Hf{X) is an extension of 


tSA 




Proof. As in the proof of Lemma 


3.7 


kerdc c res5!:'li/^„3^^f 


idr(x+) 


Mi = 


by coker dc = H^{X^ )/(ImdG). We will first show that the extension is trivial as an F[u]- 
extension. 

We construct M cz H^{X) a vector space lift of ker do c H^{X/X^^), so that (/) 2 (ker dgi) c M, 
using the decomposition of H^^{X) in ( It^ . 

Specifically, we define M in each degree i by: 

{ ((/) 2 (ker dgi))i for z ^ 3 + m mod 4, 

H(^[X) for i = 3 + m mod 4. 

We next show that tig\m '■ M —> kerdc is an isomorphism. 

We have (coker dG)i = 0 for z = 3 + m mod 4, since H^{X^^) ^ H^{BG)[—m], so 
(81) ttg : Hf{X) (ker dg)* 

is an isomorphism for all z = 3 + m mod 4. 

We now show that ttg '■ (Im 02 |ker )i —>■ (ker dG)i is an isomorphism for z ^ 3 + m mod 4. 
It suffices to show kerdc ^ IiR</> 3 |kerdgi in degrees not congruent to 3 + mmod4. Indeed, ^3 is 
surjective by (76). Furthermore, by Fact 3.4, cpi is injective in degrees not congruent to 2 + mmod4. 
By (78), if y e kerdc with deg (y) ^ 3 + zrz mod 4, and y = (t)^{x), for x e {X/X^^), then 
(j)i{dgix) = 0. By the injectivity of cfi, we have dg\x = 0, and we obtain: 

y e Im(</> 3 |ker<isi)- 

That is, (Im(?i3|kerd5i)i = (ker dc)* for z # 3 + m mod 4. Then, vtg (Im(?i 2 | ker )i = (ker dG)i, as 

needed. 

We have then established that H^{X) = coker dG®M as F-vector spaces. 
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We next determine the F[( 7 ,r;]/(g^)-action on M a H^{X). Since ker dgi a H^^[X) is an 
F[g, ti]/(g'^)-submodule, so is its image in Hf{X). Then, for x e M homogeneous of degree not 
congruent to 3 + m mod 4, we have qx,vx e M. In fact, qx = 0, since q acts trivially on H^^{X). 
Moreover, for x 6 M of degree congruent to 3 + m mod 4, vx 6 H^{X) is also of degree congruent 
to 3 + m, and, in particular, we see vx e M. So we need only determine qx for x e M with 
deg X = 3 + m mod 4. 

As in [34j [III.2] there exists a Gysin sequence: 

(82) H^{X) -^ H*,{X) -^ H^{X) ^ ..., 

where q u — denotes cup product with q. Dualizing, we obtain an exact sequence: 

(83) HG{X) ^ ..., 


where (1 + j) ■ — denotes the map obtained from multiplication (on the chain level) by 1 + j e 
and q n — denotes cap product with q. 


From (83), we have that if x e M 
that qx e coker do- 
First, we see 


Hf{X) is not in Im(^ 2 |kerd 3 i) then qx 0. We will show 


(84) 


(1 + j) ■ coker do coker dgi. 


Indeed, (84) follows from the commutativity of the diagram 


Hf{X) Ht{X) 

'V' 'V' 

(IIA (X®‘). 


Additionally, we see that 


ker dj^ > ker d 51 


is injective by the j-splitness condition (Definition 3.1). Then ker (1 + j) cz H^{X) is, in fact, a 


subset of coker do- Thus, if x ^ Im (/> 2 |kerdgi) QX must be the unique nonzero element in grading 
degx — 1 in coker dg, completing the proof. 


□ 


3.11 


Our goal will be to relate (79) and (80), relying on (77) and (78). From this relationshi p we 
will be ab le to show that the S'^-homology (79) determines the G-homo logy 
and 


3.12 


In Lemmas 


3.15 


3.10 


we show how to 


we compute H^^{X) from (X/X^^) and dgi. In L emm as 
compute Hf{X) from the same information. Then in Theorem 3.16 we compute H^{X) directly 
from H^^{X). 

We begin by noting that any finite graded F[[/]-module may be written as a direct sum of copies 
of T^{ni), as ¥[U] is a principal ideal domain. In particular, (X/X^^), since it has finite rank 
as an F-module, is a direct sum of copies of the (n*). 

(n) (X/X^^), the differential dsi vanishes unless 2n + d ^ 3 + m and 


Lemma 3.9 

d ^ m + 1. 


OnT/^ 


Proof. Let U ^ denote the unique nonzero element of in degree m+2k. Let Xfi+ 2 n -2 be an F[[/]- 
module generator of with deg (xd+ 2 n- 2 ) = d + 2n —2. Then either dgi vanishes on T^{n) or 

ds^{xd+ 2 n- 2 ) is nonzero. In this latter case, because of the grading, dsi{xd+ 2 n- 2 ) = U~~ 2 . 
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If 2n + d < 3 + m, then (n) has no elements in degree greater than m, and so has no nontrivial 
maps to 7^. Similarly, for d > m + 1, {n)) = 0. Indeed, if {n)) ^ 0, then 

_ d + 2n —m —3 

dslXd+2n-2 =U 2 . 

d+2n—m—3 . ^ . 

dsi{U 2 Xd-\- 2 n- 2 ) = / 0 G However, if a > m + 1, then 


3.6 


Then, by Fact 

d+2n—m—3 

U 2 Xd+ 2 n -2 = 0, a contradiction. □ 

Lemma 3.10. There exists a decomposition 

(85) (X+) = Ji©J 2 , 

as a direct sum of ¥\U^-modules Ji and J 2 , where dgi vanishes on J 2 and 

N 

- ©T,t(ni), 

i^l 

with 2ni + di > 2nj+i + dj+i, and dj+i > di, for some N. Moreover, ^ 1 + m, 2nN Td^ ^ 3 + m, 
and dgi is nonvanishing on each summand 7)^^(ni). 

Proof. To begin, set {X+) = Ji © J 2 for some choices of Ji and J 2 so that d^il jj = 0, possibly 
by setting J 2 = 0. We introduce a partial ordering > of (graded) F[t/]-modules. We say 

rrf^(ni) > Td^{n2) 

if 2ni + di ^ 2 n 2 + ^2 and di ^ ^ 2 - Our goal is to arrange that the summands of Ji are not 
comparable under this relation. Suppose we have 7))J’(ni) © 7 ))^(n 2 ) c J^, and 7))J)(ni) > 7 ^^(n 2 ). 
If one of the (ui) has ^ 5117 -+= 0, we move it to J 2 . Otherwise, we have that dgi is nontrivial 

on both Td^ {ni). Let (n*) be generated by Xi for 7 = 1,2. Then <xi, _)_^ 2 ) are 

new F[t/]-generators for 7)^'J)(ni)© 7 ^’^(n 2 ) <= Ji, such that vanishes on [ 7 ’ 2 i-»^ 2 +(rfi-rf 2 )/ 2 ^^ +X 2 , 
i.e. so that dgi vanishes on the T^{n 2 ) submodule. So we may choose a new decomposition 
= J( © J 2 , where J 2 ~ J 2 © T^{n 2 ). Thus, we may choose Ji such that there is 
no submodule X © T of Ji with X > Y. Say Ji = 7))^(uj) has been chosen so that all its 

summands are incomparable under > (and so that dgi is nonvanishing on each 7)^^(^i))- Perhaps by 
reordering, let dj+i ^ di. If dj+i = di, 7))^(ni) and would be comparable, contradicting 

our choice of Ji. Thus dj+i > di. Again using that the Td^{ni) are incomparable, we obtain 
2ni + di > 2ni+i + dj+i. Finally, we saw in Lemma 3.9 that dgi vanishes on any summand 
7)^"^ (n) with d > 1 + m or 2n + d < 3 + m, so by the condition that dgi is nonvanishing, we have 
djv ^ 1 + m, 2n]\f + di\f ^ 3 + m. □ 


Lemma 3.11. Let (7^+) = 7i © 72; with Ji as in Lemma 


3.10. Then 


N 


( 86 ) 




di-\~\ 2?X2+i di 


N 


(^0 ® 


i=\ 2=1 

We interpret djv+i = m + l,nAr+i = 0. The expression '^N+i+'^n^N+i d.pf vanish, in which case 
.y-.f dAf +1 +2njv+i ^ module. 


Proof. In the decomposition of Lemma 


3.10 


we write Xi for the generator of T,^{ni). We choose 
a basis for kerd^i, given by {yi}i for yi = Xi+i + um-ni+i+{di-di+i)/ 2 ^. ^ ^ l,...,n — 1, and 

yN = C/('^Jv+ 2 njv-i)/ 22 .^_ Note that y^ may be zero. 

We have seen that J 2 ker dgi , and also j J 2 c ker d^i, giving the two copie s of the J 2 summand 

d-\ +2n-| —m —3 

in (86). We see that ¥[U]U 2 = Im d^i 


, by Lemma 


3.10 


Then 
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... 

V 

~ F 



^ . . 


X\ + jxi 


Hi (X« ) 

~ F j 

J 


c. . 

h! (x« ) 

JJ{x\) U{x\+jx{) 

X2 + U{xT) X2 + jX2 

~ F 

J 

) 



U'^{xi + jxi) 

[/^(xi) Z -1 Z-x+jZ -1 

Figure 3: Using the basis in the proof of Lemma 3.11| for the complex of Figure |2| Here the 


generator of J 2 is written z-i. The Xi are generators of T^, (rii) for z = 1, 2. 


coker dgi. Further, (1 + j)Ji contributes the summand since dgi is j-invariant, and 

so vanishes on multiples of (1 + j). Finally, the set {y*} generates the 0^]^ j-+j di+i+ 2 ni+i-di ^ 
summand. 

For an example of how the new basis gives the Lemma, see Figures and □ 

We now compute H^{X/X^^). To find kerdc) we write H^{X/X^^) = © J 2 , where do 
vanishes on J 2 (J 2 need not be maximal, currently). To find J{ and J 2 in terms of Ji and J 2 , we 
use: 

Lemma 3.12. Let Ji, J 2 and di, Ui be as in Lemma 
where 

A- © v+a^j)® © v+,,(i|j), 

{ 2 |di=m+l mod 4} {i|dj=m+3 mod 4} 

-^2 = resp[[;^V2 © 0 'i^02(I-yJ)® 0 

{ 2 |di=m+l mod 4} {2|di=m+3 mod 4} 

Moreover, do is nonvanishing on each nontrivial summand of J[, and dciJ^) = 0. 


3.10. Then we may set Hf{X/X^ ) = J(© J 2 , 
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3 

Ql 

COTq Xi 


2 

\ 


1 

} 

S'lrr 

COTqUXi COTq X2 

0 

J 


-1 

cl 

t?corgr x\ 

cl 

COTq Z-l 


Figure 4: Computing H^{X/X^^) for the complex of Figures andHere J[ = and 

j' =V+i( 2 )©V^i(l). 


Proof. We use (75) and (77) to conclude that 

N 


N 


h'h - -J) ©0'>^i+2(l-wJ)- 

j=l i=l 


We also use 


coTcdsi = dch, 


as in (78) to obtain that do is nonvanishing on each of with di = m + lmod4 and 


^J) with di = m + 3mod4. To find J 2 we apply (77) again, to J 2 , and we observe that dc is 


K+2( _ 

vanishing on each of with di = m + 3mod4 and V^+ 2 ( 0 -l) with di = m + lmod4. □ 

Fact 3.13. The ¥[v]-submodule 


m 


V 02 ( 10 )© 


vj:a 


m 


1 


2 ^ di\\- 2 

{ 2 |d^=m+l mod 4} {2|dj=m+3 mod 4} 


J) 


in Lemma 


3.12 is the component of H^{X/X^^) not in the image 0 /(?!)2|kerd„i • 


For an example of Lemma 3.12, see Figure]^ 

We define an order > on modules Vj" (n) with d = m + l mod 4. Note that all simple submodules 


(n) of J'l in Lemma 3.12 have d = m + l mod4. Let V^(ni) > V^(n 2 ) if di ^ ^2 and di + 4rei ^ 


d 2 + 4 n 2 . Let ff denote the set of distinct pairs (a, b) for which V^^b) is a maximal summand of J[ 
as in Lemma 3.12 If (a, b) e 77, set m(a, 6 ) + 1 to be the multiplicity with which (b) occurs as 
a summand of J{. If (a,b) f J, set m{a,b) to be the multiplicity with which Vfi{b) occurs in J{. 
Then we define: 

(87) J,ep= 

{a,b) 

where summands of multiplicity 0,-1 do not contribute to the sum. That is, Jrep counts the 
repeated summands (whence the “rep”) in J{, as well as those which are not contributing “new” 
differentials targeting the reducible. In the example of Figure]^ Jrep = V;(^(l). 

Arguing as in Lemma |3.10[ we obtain the following. 


Let H^"{X+) be decomposed as in Lemma 3.10. and let J be as in the preceding 


Lemma 3.14. Let 

paragraphs. Then we may set H^{X/X^ ) = J'f® J'f with 

© v+(M, 

{ai,bi)ej 


d'i - J 2 © © 

{i\di=m-\~l mod 4} 




n-i.. 

(lyj)© 




m 


1 


J) © Jrep- 

{i|cii=m+3 mod 4} 

Moreover, dc is nonvanishing on each nontrivial summand of J", and dc^J'-f) = 0. Further, 
ai < Oj+i and a* + 46^ > Oj+i + 46i+i for i = 1, ..., Nq — 1, where Nq = |77|. 
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A 

(X/X^'),ds,) = 



8 

A(X^') ^ F 




7 


(1 +j)xi 



6 


) 



5 

C~ 1 1 Aa 


X2 

(1 + J>2 . 

4 


- ) - 

) 

) 

3 

( ^ ^ U 4 

(l+.7)f/% 

Uxi 

(1 + j)f7X2 

2 


- ) 

') 

j 

1 


H-' 

CO 

U\2 

{i + j)uy 

0 

-1 

0 

U xi 

f, ^ 

(l+j)UA 

) 

uy 

(1 +j)U^X2 

L 

-3 

A 

U4i 

(1 ^ j)f/^Xi 

f/02 

(l+j)f/"2 

4 

-5 

U^xi 

(1 +j)U^xi 



-6 






Figure 5: An example F[f7]-module {X/X^^) for X with m = 0. Here di = 


—5, ni = 7 and d 2 = —3, n 2 = 5, and J 2 = 0. 


Proof. We argue as in Lemma 3.10 starting with the decomposition 

H^{X/X^') = J[e 4 

given in Lemma 3.12 We will show that we may choose J'f = b )ej V+{bi),sothatHf{X/XS^) = 
Jf ® J'f with do 4 = 0- Fix a direct sum decomposition J( = @iVa.{bi), for some ai,bi- Say 
that Vg+(/i) e J[, where (ei,/i) f J and choose { 02 -, f 2 ) e J■, with Vg+(/ 2 ) > Vg+(/i) and 
Ff^(/i) ©Fg' 2 (/ 2 ) ^ ^ 2 - Further, assume that do is nontrivial on Ve*^(/i); if it were trivial, then 
we enlarge J 2 by setting J'f = >^2 ® Fet Xi be the generator of V+(/i). We choose new 

F[u]-generators, X 2 of V+(/ 2 ) and ti/2-/i+(e2-ei)/4^^ + xi of Ve'j(/i) so that do vanishes on Ve'^(/i). 
Again, then we may enlarge J 2 by adding the factor. This shows that we can remove all 

summands {b) with (a, 6) f J from J(. Similarly, if Va{b) ©F+(6) c with (a, 6) 6 J and 
with generators xi and X 2 such that dcixi) = ^ 0 ( 2 ^ 2 ) A 0, we choose the new basis {xi,X 2 + xi). 
The differential do is nonzero on the copy of Vff {b) generated by xi, while do vanishes on the copy 
of Va {b) generated by xi + X 2 , and 4 may be enlarged. Then we may choose J" ~ Kib). 

The formula for 4 also follows once 4 is specified. □ 


In Figures and 1^ we provide an example illustrating the proof of Lemma |3. 14 
We may now compute H^{X) in terms of {X/X^^) and the map dgi. 


Lemma 3.15. Let {X4 be decomposed as in Lemma 3.10 and let Jf, J'f he as in Lemma 3.14 


Then: 

( 88 ) 


®©v;(2«±A±i2:^)e4, 

i=l ^ 

as an ¥Yv\-module. The q-action is given by the isomorphism q : V^m 


V+ 

^1+m 


'^i+m ^be map 


'^ax+Ab]_-i’ which is an ¥-vector space isomorphism in all degrees at least ai +Ahi — 1. The 
action of q annihilates 0^°]^ ^ 


and resS^^ J 2 © Jrep ^ J'f ■ 
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7 

6 

5 

4 

3 

2 

1 

0 

-1 

-2 

-3 

-4 

-5 



.H^{X^') - F 


cl 

corg, xi 


cor^ llxi 


cl 

x;corg! xi 


z;cor^ Uxj 


9 

x; corg. xi 


o cl 

v'^corg xi 


v'^cotqUxi 


cl 

_corg X2 


cl 

_x;corg X2 


9 cl 

x;^corg X2 


C0TqUx2 


VCOTq Ux2 


Figure 6: Here we show how to compute Qi H^(X/X^^),dG), given {H^^{X^^) © 

{X/X^ ),dgi), for the example complex given in Figure Im The curved arrows denote the 
u-action. Here, Jrep is Vl!l 3 ( 3 ), and J" = V^ 3 ( 3 ). Then we have also J 2 = V^ 3 ( 3 ) © 12 ^ 3 ( 2 )©Vi!l 5 ( 4 ). 
If we have a basis of cotqUxi, covq X 2 for J{, then cotqUxi + cotq X 2 would be a basis for Jrep 


produced by Lemma 3.14 


To finish specifying the q-action, let Xi he a generator 0/Vt for i sueh that di = m 


lmod4 (respectively, let Xi be a generator 0/ if di = m + 3mod4j. Then qxi is the 
unique nonzero element of H^{X/X^^) in grading degXj — 1, for all i. In particular, {X/X^'') 
and dgi determine H^{X). Here = m + l,b]\fg+i = 0. 


Proof. The proof is analogous to that of Lemma 3.11 We choose a basis for ker Jg as follows. 
Write the generator of Vfi.{bi) as Xj. Then set y* = Xj+i + y>^i->>i+i+iO'i-°‘i+i)/‘^Xi for i = 1, ..., Nq — 1, 
and yjvo = It is clear that yi e ker Jc for all i, and it is straightforward to 

check that {y*} generates ker Jg ^ J'l- The y* generate the term 0^^ y+^ a,+i+4fe,+i-a, ^ 

Since do is g-equivariant and q annihilates H^{X/X^ ), the modules and 122 '^ H^[BG) are 

a2+46]^—5 —m . 

disjoint from the image of do- Moreover, v s = dcixi), where v~^ is the unique element 
X of with v^x an F-generator of HQ{BG)[—m]. Since there are no elements x e Jf 

with grading greater than oi + Ahi — 4, the maximal k for which v~^ 6 Im do is 
follows that 

coker do = V++ 4,,^_3 © Vi++^ © V 2 ++^. 


on kerdc, we use Lemma 


3.8 


Furthermore, J'f ^ ker da by definition, contributing the J'f term of ( 88 ). To determine the y-action 

Indeed, q takes elements not in the image of 4>2\kerdgi to nontrivial 

we obtain the y-action on J 2 


elements of coker Jq, and y vanishes on Im ./) 2 |kerdgi ■ Using Fact 


3.13 


as in the Lemma. The y-action on coker Jg is given by that on H^fiBG). 


□ 


We combine Lemmas 
following Theorem. 


3.10 


3.15 


to determine H^{X) from (^)- We record this as the 
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Theorem 3.16. Let X = {X',p, h/A) e (B and X' he a j-split space of type SWF. Then: 

N 

.+d;+2„.-i—i)e©e 


N n' J- O-n _ r!' ^ 

(89) Hf(x). Tt e©T+{^±i—©ii—; 


for some constants s,d[,ni.,N and some ¥[U]-module J, where 2ni + d[ > 2ni+l + d'^_^^.^ andd[ < d\_^i 
for all i, 2nN + d'j.^ ^ 3, d'^ ^ 1, and = l,nM+i = 0. Let Jq = {(a^, hk)]k the collection of 
pairs containing all (d', for d[ = 1 mod 4 and all (d' + 2, [^J) for d' = 3 mod 4, counting 

multiplicity. Let {a,b) > {c,d) ifa + Ab^c + Ad and a ^ c, and let J he the subset of Jo consisting 
of pairs maximal under > (not counted with multiplicity). If {a,b) e J, set m{a,b) + 1 to be the 
multiplicity of {a, b) in Jo. If {a, b) f J, set m{a,b) to be the multiplicity of {a, b) in Jo. Let 
\J\ = No and order the elements of J so that J = {{ai,bi)}i, with at + Abi > Oj+i + 46i+i. We 
interpret aiy^+i = IJno+i = 0- Then: 

(90) 


H^{X) = ©V+©V2+ 

4L ^ 4 J 




i=l 


{a,b)eJo 


J 


© 

{i\d'^=l mod 4} 


© C+) 'i^© 2 (I-y-I) ® © '*^-^( 1 - 


{i|(i^=3 mod 4} 


m 


1 




The q-action is given by the isomorphism q : V 2 ^[—s] ^ and the map q : Vj^[—s] —> 

d' + 2 n +1 [“d which is an ¥-vector space isomorphism in all degrees (in Vj^[—s]j greater than or 

4[ ^ 4 "^ J 

equal to 4 |^ '^i+ 2 m+i j ^ vanishes on elements ofV(([—s] of degree less than 4 |^i±^!i±ij _|_ 

s + 1. 

The action ofq annihilates 0^© V+ [-g] and i@(^a,b)eJo '^a J)[-s]. 

To finish specifying the q-action, let Xi he a generator ofVt J[^\)[~^] ^ such that d' = 

lmod4 (respectively, let Xi he a generator 0 /s] i/d' = 3mod4j. Then qxi is the 
unique nonzero element of d' + 2 n +1 ®''^ 1 ' ®''^ 2 ^)[“d in grading degx* — 1, for all i. 

4[ ^ r J 


Proof. We show that for M an F[C/]-module of the form (86), the sets {ni},{d'}, and the module 


J 2 , are determined by the (graded) isomorphism type of M, to establish that all the constants in 


(89) are well-defined (independent of the choice of direct sum decomposition of H^^{X)). For a 
fixed d, there are at most two distinct isomorphism classes Tf^{x), each appearing as summands 
of M that occur an odd nnmber of times in the decomposition of M into simple submodules (not 
including the inhnite tower). Such a submodule T^{x) will be called a submodule occurring with 
odd multiplicity. For any d snch that there is at least one isomorphism class (x) with odd 
multiplicity, then d = s + d' for some i, using (|M|). Consider the case that there are exactly two 
such isomorp 


ihism classes 7© (xi) and 7© (^ 2 ) with, say, xi < X 2 . Setting d = s + d' for a fixed 
i, and using (86), we see that X 2 = n*, since rij > Uj+i + for all i. If instead there is one 


(graded) isomorphism class T(i{x) with odd mnltiplicity, Lemma 3.11 shows x = nj^. If, for a fixed 
d, there are no isomorphism classes (x) occurring with odd multiplicity, then df {s + d[}. Thus, 
we see that {dj} and {ui} are determined by the isomorphism type of M as a graded F[t/]-module. 
It is then easy to see that J 2 is also determined by the isomorphism type of M. 


In addition, we find that s in (89) exists and is nniqnely determined. First, we check that there 
is an s so that (89) holds. Observe that {X) = {X')[p h]. Say that X' is a space of type 


SWF at level m, and set d( = di — m. Then Lemma 3.11 shows that (89) holds for this choice of d(. 
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Figure 7: The 5^-Borel Homology of (X, p,/i/4) e (B. The variables ti stand for entries of the 
infinite tower in grading i. 


and s = m — p — h. We next show that there is a unique s so that (89) holds. To see this, observe 
that as in (89), is an F-module of odd rank in degrees d such that d=s + l mod 2, with 

s < d < s + d'l + 2ni, and of even rank (possibly zero) in all other degrees (Recall from ([^ the 
dehnition of Then, for M an F[[/]-module that is the homology of {X',p,h/4:) with X' 

j-split, we have that s = m — p — h is determined by M. 


As in (79), 


(A) = cokerd^i ©kerd^i. 


Additionally, given M, we have determined the sets {d[},{ni} appearing in Lemma 3.10 Then 
and) 


Lemmas 
and that' 


3.12 


3.14 


(91) 


•^2 = © 


show that J" = {bi), for ai, bi as in the statement of the Theorem, 

i\di=lmodA} {2|di=3 mod 4} 




afj)© 


-J)© 0 V+(6)®’"(“’'’). 

{a,b)eJo 


Here we have replaced the notation reSpj:^|^j^^g 3 ^ by respj:^^ since q acts by 0. Finally, Lemma 
determines H^{X) given J" and J!^. This completes the proof of the Theorem. 


3.15 


□ 


Remark 3.17. Since every j-split ehain complex of type SWF is the cellular chain complex of some 
space of type SWF, Theorem 3.1(\ also applies to j-split chain complexes. 

We give an example illustrating the steps of the proof of Theorem |3.16[ Let A be a j-split space, 
and say that ((A,p,/i/4)) is given as in Figure^ that is: 


((a,p,V 4)) -T6+©T+(6)©r+(5)©r+3(4)©r+3(3)©r+(2)©r+(i). 


We calculate d^,ni. As specified in the proof of Theorem 3.16, we see {d'^ + m — p — h] = 
{—5,—3,-1}, and {ui} = {6,4,2}. We see that m — p — h = 0 because ^.^^((A, p,/i/4)) (i.e. 
the contribution in degree —1 not coming from the tower) is of even rank, while .H^0((A,p, h/4)) 
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.Hg ) 


Mg (x^ ) 


Hg (X* ) 


iig (X® ) 


Hg {X® ) 


_3:i {i+j)xi 

Ux t. U(l + i)x^‘'. X2^ (l+j)*: 

[/^(l+.7>/ [/x/ Up- +3)^2 .-ro (1 + J>3 


U^{l+j)x\‘^ U^xA U^{^+jglx2 Ux^U{l+jy^3 
H'^xj C/'‘(l+j)xi^ U^X2 U^{1 + j)x2 
U^x{ U^{l+j)xi 


Figure 8: The complex {X/X^^)[p + h] ® {{X^^ ,p,h/4)),dsi) corresponding to Figure 


m 



Figure 9: The complex {H^{X/X‘'^")[p + h] H^{{X^\p,h/4)),dG) corresponding to FigureM 


has odd rank. So s = 0 in Theorem 3.16[ Then {d[} = {—5, —3, —1}. Furthermore, we see J 2 = 0. 
Then we recover {{X/X^^ ,p, h/4)) © {{X^^ ,p, h/4)),dgi), as in Figure]^ 

we have J[ = V+ 3 ( 3 ) © V^ 3 ( 2 ) © Vi+(1) and = V+ 5 ( 3 ) © V+i(2) © 


Using Lemma 


3.12 


as in Figure|^ We see that V_ 3 ( 2 ) is not maximal in J[, so m(—3, 2) = 1, while m(—3, 3) = 0, since 
Vl'i 3 ( 3 ) is maximal under >. Similarly, V 2 ^(l) is maximal, so m(l, 1) = 0. Then Jj-ep = Vl'l 3 ( 2 ), 
using 


In Figure]^ J" = 12 ^ 3 ( 3 )©Vj^(1). Then Lemma 3.15 allows us to compute H^{X), as in Figure 


M 

We find Hf{X) = Vg'" © Vj** © 122 '^ © V 2 '^ 5 ( 3 ) © 12 ^ 3 ( 2 )®^ © Vl'l;^(2) © Vl‘l 3 (l), in accordance with 
Theorem 13.161 


3.2. Chain local equivalence and j-split spaces. Using Theorem 3.16, we can determine the 
chain local equivalence class of j-split spaces. We start with some results on j-split chain complexes. 
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again represent the f-action. The straight arrows indicate a nontrivial g-action. 


First, write Sd{n) for the free ^-module generated by 

(Xd, Xd+2, ■■■, Xd+2n-2), 

with Xi of degree i and d{xi) = s{l+j‘^)xi- 2 - A quick computation gives {Sd{n)) = (n)®^ as 

F[C/]-modules, where is defined as in (20). Moreover, for an F[?7]-module J = 

let S{J) = @iSei{ni). 

Proposition 3.18. Let C = {/red)©(C'+ ©C"-) be a j-split chain complex and 


(92) 


(C) - 7)ii+2ni-l ©^ 'di 


^ di+i + 2ni+i - d.: ^ 


//7. 


) © 0 ) 


2=1 2=1 
where di+i > di and 2ni + di > 2n i+i + di+i, 2nisf + d]\f ^ 3, and djy ^ 1- We interpret d^+i = 1, 
nAT+i = 0. Then C is homotopy equivalent to the chain complex 

(93) ({/red)©(0 ‘5ci;(^i))) © *S'(J), 

2 

where d{f^ed) = 0, jfred = /red, s/red = 0, and deg (/red) = 0. Furthermore, let each factor Sd^ini) 
have generators x*, with deg x®- = j. Then dx\ = /red + ^(l + j‘^)x''_i for all i. 


Remark 3.19. By Lemma 3.10, for C any j-split ehain eomplex, a decomposition as in (92) is 
possible. 


Before giving the proof we establish a Lemma. 

Lemma 3.20. Let Fi,F 2 be two free, finite (S^)-complexes such that IL^^{Fi) ^ H^^{F 2 ) as 

¥[U]-modules. Then Fi ~ F 2 , where ~ denotes homotopy equivalence. 

Proof. First, we note that {S^) is chain homotopy equivalent to the algebra F[s]/(s^) where 
deg (s) = 1 and d{s) = 0. Koszul Duality [8] states that H^[Fi) and H^[F 2 ) are isomorphic as 
F[s]/(s^) modules if and only if {Fi) and {F 2 ) are isomorphic as F[?7]-modules. Indeed, our 
original hypothesis was [Fi] ~ {F 2 ), so we see that H,^{Fi) and H,^{F 2 ) are isomorphic as 

F[s]/(s)^-modules. We next observe that two chain complexes over F[s]/(s^) are quasi-isomorphic if 
and only if they have isomorphic homology, see Whitehead’s Theorem 10.4.5 in m- Thus, Fi and 
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F 2 are quasi-isomorphic. Finally, by Theorem 10.4.8 of [37], quasi-isomorphic free chain complexes 
are chain homotopy equivalent, and so Fi and F 2 are chain homotopy equivalent. This establishes 
the Lemma. □ 


Proof of Proposition 3.18. The proof is in two steps: first, we show that (7+ is chain homotopy 
equivalent to a chain complex of a certain form, and then we investigate differentials from (7+ to 

</red>- 


Note that the complex (7+ is a (7f'^(5^)-complex. Let Sf^{n) be the (7^^(5^)-submodule of 
Sd{n) generated (as a Cf ^(5^)-module) by (xd, Xd+ 2 j Xd+ 2 n- 2 )- As for Sd{n), a quick calculation 
shows = T^{n). Similarly, for an F[[/]-module J = let (J) = 

0j5f/(ni). We see: 


(94) 




as ^-complexes, for all F[f7]-modules J, where the action of j on the right is given by interchanging 
the factors. 

Recall, by the proof of Theorem 3.16 that H^^{C+ © (7_) is determined by for C a 


j-split chain complex (see Remark 3.17). That is, from (92): 


77f(C+) = 0r+(nO©J. 


N 


j=l 


Lemma 3.20 


then implies C+ = S^^{n) ©5'^^(J) as a C'^’^(S'^)-complex. Since j : C+ ^ C- is an 


isomorphism, we have from (94): 


(95) 


C+©C_ ^05d,(ni)©5(J). 


Moreover, determines the map dgi : H^^{C+) {{fred})- We compute a different 

way, by using the differential from (7+ to (/red); and the form of (7+ determined by (95). Fix a 
pair of integers {d,n). If Xi is the generator of a copy of Sd{n) in degree i and Xi e (7+, then 
dgi : {Sd{n)) = T^{n) is nontrivial if and only if d{xi) = fred + s{l+j‘^)x-i. Thus, since 

dgi is nonvanishing on the factors (ui) a F[^^[C+) and vanishing elsewhere, each generator x\, 


with deg = 1 of Sdi{ni) in (95) must have d{xf) = /red + s(l + and all other differentials 

C+ —> (/red) vanish. Thus, in particular, d{S[J)) a S{J). The decomposition (93) follows. □ 


Proposition 3.21. Let {X,p, h/P) e (B with X a j-split space of type SWF at level m, and 


N 


(96) 


((X,p,V4))=r0^+2nr + l©' 


■'T.XA 


~\~ 2?7-2+i di 


N 


i=l 


©0'7(+d-(?^i) © 

2=1 


where dj+i > di and 2ni + di > 2ni+i + di+i, as well as 2nN -I- dw ^ 3, and d^ ^ 1- 
chain local equivalence type [((7^^(X, pt),p,/i/4)]ci 6 CTC: is the equivalence class of 

(97) C{p - m,h/A,{di}i,{ni}i) = {{(fred}®{@Sdi{ni))),p - m,h/4) e 

i 

The connected S^-homology of [X,p,h/4) is given by: 


Then the 


N 


(98) 






di -\-\ 2?7-/-|_i di 


2=1 


N 

© 0 7(0 

2=1 


Xrii). 


Further, s in is m — p — h. Moreover, C{p,h/A,{di},{ni}) is chain locally equivalent to 
C{p', / 174 , {d'l, {n'}) if and only if p = p', h = h', {di} = {d[}, and {rij} = {n'j. 
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Proof. Let [(Z, —m,0)] = pt)] e where Z is a j-split chain complex, as allowed by 

Lemma [3.2[ Using Proposition |3.18] we see: 


[{Z,p,h/A)]ci = («/red>©05di(ni)),p,V4)- 


We have then: 


C{p-m,h/4,{di},{ni}) = [(Z,p - m,/i/4)]d = [{C^^{X,-pt),p,h/A)]ci 


as in (97). 


To prove (98) we consider the complex ^ 0(0,0, {dj}, {ni})[4[=0t3j] (we include the 

grading shift tor convenience). We will see that it is a suspensionlike complex, so we may apply 
the results of Section 2.5 There is a homotopy equivalence: 

—di + 3 


(99) S=^^0(O,O,{di},{na)[4[ 


N 


■J] — (/red)© 0(yfc)© 0 


< 4 >, 


i=l {k=l mod 2, di^k^di-\~2ni—2} 


where 

( 100 ) 


</red>©00> ^ S='^'aed>, 


and deg zl = deg pk = k. Additionally, d(z^) = s(l + r)z\_2 if /c ^ 1, and d{z\) = s(l + x)z^_i + 
s(l + j)^y_i. The pk are defined for k such that fc # 3 mod 4 and —4[=0t3j + 1 ^ k ^ —1. Also, 

^ 1 . 


(101) 

S{y4k) 

= s(l + J02/4fc-2, 

(102) 

S{yik+i) 

= (1 + j)2/4fc, k ^ [ 

(103) 

Siy4k+2) 

= (1 + j)yAk+i + sy^k, 

(104) 

S{y 4P‘'i+3j + i) 

~ fred- 


According to equation (100), the first two terms on the right of (99) account for the suspension 
of the reducible tower, and the z^ correspond to the suspension of the free part. The z^ are 
suspensions of e Sdiini) c C(0,0, {diji I™*})- From this presentation, it is clear that the chain 

complex S® ^ (7(0, 0, {d*}, {nj})[4[^0t3j] -g ij-j-educible (that is, it may not be written as a 


non-trivial direct sum of ^-chain complexes). Then by Lemma 2.28 and Definition 2.29 


(105) (EH^^0(O,O,{d,},{n,})[4[^Vt^J]) 


conn = S='^0(O,O,{d,},{n,})[4[^^J]. 


Then (98) follows from the definition of applied to C(0,0, {dj}, {uj}). The calculation of 

Hf^^^{{X,p,h/4:)) for nonzero m,p,h follows, since 

C{p - m, h/4, {d,}, {n,}) = P)«S-tHC'(0, 0, {dj, {nj). 

The assertion that s = m — p — h follows from the homology calculation of Theorem |3.16[ 

Recall that Rconn is a chain local equivalence invariant. Hence, if [C{p, h/4, {di}, {ni})]ci = 
[C{p',h'/4,{d{},{n{})]ci, we see from (98) that {di} = {d'}, {n*} = {n'}, and p + h = p' + h'. 
Furthermore, if C{p, h/4, {di}, {rii}) and C{p', h!/4, {d'}, {n'}) are chain locally equivalent, they must 
have chain homotopy equivalent fixed-point sets. That is, p = p' and so also h = h', completing 
the proof. □ 
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4. Seiberg-Witten Floer spectra and Floer homologies 


4.1. Finite-dimensional approximation. In this section we review the finite-dimensional ap¬ 
proximation to the Seiberg-Witten equations from Manolescu mm- 

Let S be the spinor bundle of the three-manifold with spin structure {Y,5), and r(S) its space 
of sections. For A e (0, oo), the Seiberg-Witten equations of (F", s, g) determine a sequence of vector 
fields on finite-dimensional vector spaces W^. Here is the span of eigenvectors of the 
elliptic operator *d + D acting on the global Coulomb slice of n^(y, iM) ©r(S), with eigenvalue 
in (—A, A), where D is the Dirac operator. The vector field on is an approximation of 
the Seiberg-Witten equations restricted to W^. The action of G = Pin(2) restricts to a smooth 
action on that commutes with the flow defined by Xf^. There is a distinguished subspace 
VF(—A,0) c consisting of the span of the eigenvectors with eigenvalue in (—A, 0). Following 
we will use the sequence of flows on the spaces to define an invariant of (T, s). 

We next recall a few properties of the Conley Index. For a one-parameter family (j)t of diffeo- 
morphisms of a manifold M and a compact subset A a M, we define: 

Inv(H, <j)) = {x e A \ (j)t{x) e A for all t e M}. 


Then we say that a set 5 M is an isolated invariant set if there is some A as above such that 
S = Inv(H, int(H). Conley proved in [4] that one may associate to any isolated invariant set 
S a pointed homotopy type I{S), an invariant of the triple S). Floer [6] and Pruszko m 

defined an equivariant version, so that if a compact Lie group K acts smoothly on M preserving 
the flow (pt, then we may associate a pointed iP-equivariant homotopy type Ik{S). The Conley 
Index, as well as its equivariant refinement, are invariant under continuous changes of the flow, if 
S is isolated in an appropriate sense. 

Manolescu showed in m that S^, the set of all critical points of X^^, along with all trajectories 
of finite type between them contained in a certain sufficiently large ball in is an isolated 
invariant set, and that the flow X^^ is G-equivariant. We then write g) = Ig{S^). To make 

this construction independent of A, we desuspend by IF(—A, 0). Then we can define a pointed 
stable homotopy type associated to a tuple {Y,5,g): 


(106) 


SWFiY,5,g) = 


The desuspension in (106) is interpreted in (B. That is, 

SWF{Y,5,g) = {l\Y,5,g),dimu iy(-A, 0 )(M),dimn iy(-A, 0 )(e)), 


where iy(—A, 0) = iy(—A, 0)(M) © iy(—A, 0)(EI), and VF(—A, 0)(M) is a direct sum of copies of M. 
Similarly, VF(—A, 0)(]HI) is a direct sum of copies of H. 

Manolescu showed in HZ! that SWF{Y,5, g) is well-defined, for A sufficiently large. Further, we 
must remove the dependence on the choice of metric g. We use n(Y,5, g), a rational number which 
controls the spectral flow of the Dirac operator and may be expressed as a sum of eta invariants; 
for its definition, see m- We have: 


(107) 


SWF{Y,5) = Y-'2'^^^’^’9nSWF{Y,5,g). 


Interpreted in £, if SWF{Y,5, g) = {X,m,n), then SWF{Y,5) = {X,m,n+ ^n{Y,5,g)). 

In addition to the approximate flow above, we may also consider perturbations of the flow as in 

m- 

We call 


c(y,s) = n\Y,iM.)eT{s) 
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the configuration space for the Seiberg-Witten equations, and we let £ denote the Chern-Simons- 
Dirac functional. Let X be the L^-gradient of £ on £(y, s). We call a map: 

(108) q:C(y,s)^ro, 

a perturbation, where 7j denotes the completion of the tangent bundle to C(y, s). Then we write 

X, = X + q:C{Y,5)^To. 

Let C®*^(y, s) denote the global Coulomb slice in C(y, s) and the completion of the tangent 
bundle to Cs‘^(y, 5 ). Lidman and Manolescu also consider a version of Xq, obtained by projecting 
trajectories of Xq to the global Coulomb slice C^^(Y,5): 

Xf : £gC(y,s) ^ Tjf^. 

Lidman and Manolescu prove that there is a bijective correspondence between finite-energy trajec¬ 
tories of Xq^ and those of Xq, modulo the appropriate gauges. 

We write for the finite-dimensional approximation of Xq^ in (recalling that are 
finite-dimensional subspaces of £®*^(y, s)). For tame perturbations in the sense of m , we may 
define /^(y,s,g', q) as above using X^^ in place of X^. Furthermore, from I^{Y,5,g,q) we may 
also define SWF{Y,5,g,q) analogously to the unperturbed case. Lidman and Manolescu [l2] show 
that the spectrum is independent of q. That is: 

SWF{Y,5,g,q) = SWF{Y,5,g). 

We also have the attractor-repeller sequence of m- For a generic perturbation q we may arrange 
that the reducible critical point of Xq is nondegenerate and that there are no irreducible critical 
points X with C{x) e (0,e) for some e > 0. Denote the reducible critical point by 0. Let T = 
be the set of all critical points of and flows of finite type between them. Then, for all a; > 0, 
we have the following isolated invariant sets: 

• r>j): the set of irreducible critical points x with £q(x) > cn, together with all points on the 
flows between critical points of this type. 

• T<zuj ■ Same, but with £q(x) ^ to, and allowing x to be reducible. 

Then we have the exact sequence: 

(109) /(T^.) - I{T) ^ I{TZ) - £/(T^.) - ... 


We record a Theorem of HZ]. 


Theorem 4.1 (Manolescu jl7|.[18]l. Associated to a three-manifold with 61 = 0 and a choice of 
spin structure (y,s) there is an invariant SWF{Y,5), the Seiberg-Witten Floer spectrum class, in 
(B. A spin cobordism iW,i) from Yi to Y 2 , with b 2 {W) = 0 , induces a map ^^^(yi,t|yj —> 
SWF{Y 2 ,i\Y 2 )- The induced map is a homotopy-equivalence on the -fixed-point set. 


Remark 4.2. 


The three-manifold Y in Theorem 4-1 may be disconnected. 


Definition 4.3. For [{X, m, n)] 6 (£, we set 

( 110 ) a((X, m, n)) = - y - 2 n, /3((X, m, n)) = ^ - 2 n, 


7 ((y,m,n)) 


c(^) 

2 



The invariants a, [3 and 7 do not depend on the choice of representative of the class [{X,m,n)]. 
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The Manolescu invariants a{Y, s), j3{Y, s), 7 ( 1 ^, 5 ) of a pair {Y, s) are then given by a{SWF(Y, s)), 
I3{SWF(Y,5)), and 'y{SWF(Y,5)), respectively. 

the local and chain local equivalence classes of SWF{Y,5), [51TF(y, s)]/ and 


From Theorem 4.1 


[SWF{Y,5)]ci, respectively, are homology cobordism invariants of the pair (T,5). Since the G-Borel 
homology of SWF(Y,5) depends only on [SWF{Y^5)\ch we have that a;(y,s),/3(y,s), and 7 (^, 5 ) 
depend only on the chain local equivalence class [S'lTF(y,s)]ci. 


Fact 4.4. Let Ti, T 2 be rational homology three-spheres with spin structures ti, t 2 and (X*, mi,ni) = 
SWF{Yi,ti) for i = 1,2. Then 

SWF{YiW2, ti#t2) (Xi A X 2 , mi + m 2 , ni + 712 ). 


Proof. According to the Seiberg-Witten Floer spectrum class of the disjoint union Fi LI Y 2 is 
given by: 

SWF{YiUY 2 ) =i (Xi A X 2 ,mi +m 2 ,ni + 712). 

On the other hand Yf LI Y 2 is homology cobordant to the connected sum li 4fY2 . Since the local 
equivalence class is a homology cobordism invariant, we obtain the claim. □ 


By Theorem 4.1 and Fact 4.4, we have a sequence of homomorphisms: 


( 111 ) 


oH SWF 
^3 





4.2. The Morse-Bott condition and approximate trajectories. Let q be an admissible per¬ 
turbation, as in Definition 22.1.1 of m- We will need the following results of Lidman-Manolescu 

HU. 


Proposition 4.5. [12] For A sufficiently large, there is a grading-preserving isomorphism between 
the set of critical points of the finite-dimensional approximation and the set of critical points 
ofX,. 


For x,y critical points of let M\{x,y) denote the set of unparameterized trajectories of 

from X to y contained in the ball used to define S^. Similarly, we let M{x,y) be the set of 
unparameterized trajectories between critical points of Tq. 


Prop osit ion 4.6. [T2| There is a correspondence of degree one trajectories compatible with Propo- 
That is, if x\,y\ are critical points, with gr(xA) = gv{yx) + 1, of corresponding to 


4.5. 


sition 

critical points x,y of X^^, respectively, then there is an identification 

M{x,y) = Mx{xx,yx). 


The condition gr(x) = gr(y) -I-1 allows the application of an inverse function theorem. However, 
without the grading assumption, a compactness result still holds, providing: 

Proposition 4.7. [T2| Let x and y be critical points of X^^ corresponding to critical points xx,yx 
V M{x,y) = 0, then Mx{xx,yx) = 0- 

We will also need the following Theorem from |12j . 

Theorem 4.8. [T2| Let (T, s) be a rational homology three-sphere with spin structure. Then 

HM{Y,5) = SWFH^\y,5), 

as absolutely graded ¥[U]-modules, where HM{Y,5) denotes the “to” version of monopole Floer 
homology defined in m- 







PIN(2)-EQUIVARIANT SEIBERG-WITTEN FLOER HOMOLOGY OF SEIFERT FIBRATIONS 


41 


4.3. Connected Seiberg-Witten Floer homology. 


Definition 4.9. Let (F,s) be a rational homology three-sphere with spin structure, and 

[SWF{Y,5)] = {Z,m,n) 6 

with Z suspensionlike. The connected Seiberg-Witten Floer homology of (T,s), SWFHcoQniX-,^), is 
the quotient {Z)/{H^ {Z^ ) + H^ (Ziness)))[HT' + 4n], where ^iness c is a maximal inessential 
subcomplex. By Theorem 2.30, the isomorphism class of SWFFfconniY,s) is a homology cobordism 
invariant. 

Remark 4.10. We could have instead considered the quotient (Rf^(Z)/R^\Z’iness))[RT-+4n], which 
is isomorphic to SWFFlconniY,^) ©7^^ where d is the Heegaard Floer correction term of (T, s). As 
defined above, SWFFlconniY,^) has no infinite F[?7]-tow;er, because of the quotient by H^^{Z^^). 
Further, let Zconn denote the connected complex (Definition 2.29) of Z. It is clear from the con¬ 
struction that 

SWFH,onniY,5) = (Rf (Zconn)/77f (Z^'))[m + 4n]. 


Remark 4.11. Let (j) be the canonical isomorphism: 

f : H^\SWF{Y,s)) HM{Y,5) HF+{Y,5), 

provided by, for the first map, m, and for the second, [3] and m- Let IT be the projection 
TT : HF^{Y,5) —> RTredCT, s). We note that SWFHconniY,5) is naturally isomorphic to the quotient 

n{(f{Hl\sWF{Y,5)))/fi{Hf{Z;^,,,)). 

Then SWFHconn{Y,5) can he viewed as a summand o/RTi.ed(T,s). 


5. Floer spectra of Seifert fiber spaces 

5.1. The Seiberg-Witten equations on Seifert spaces. In this section we record some results 
of [19] to describe explicitly the monopole moduli space on Seifert fiber spaces. First we recall some 
notation associated with Seifert fiber spaces. 

The standard fibered torus corresponding to a pair of integers (a, b), for a > 0, is the mapping 
torus of the automorphism of the disk given by rotation by 27rbfa. Let be the standard disk, 
given an orbifold structure by letting Z/a act by rotation by 27r/a; the origin is then an orbifold 
point, with multiplicity a. The standard fibered torus is naturally a circle bundle over the orbifold 

Dl 

Let f '■ Y —> P be a circle bundle over an orbifold P, and x e P an orbifold point with 
multiplicity a. If a neighborhood of the fiber over x is equivalent, as an orbifold circle bundle, to 
the standard fibered torus corresponding to (a, b), we say that Y has local invariant b at x. 

For Oj e let ^(ai,..., Ofc) denote the orbifold with underlying space 5^ and k orbifold 

points, with corresponding multiplicities oi,...,afc. Fix bi e X with gcd(ai,6i) = 1 for all i. 
We let S(6, (bi, ai ),..., {bk,ak)) denote the circle bundle over ^(ai,..., ak) with first Chern class 
b and local invariants bi. We define the degree of the Seifert space 'Z{b,{bi,ai),... ,{hk,ak)) by 
b + Yj^- Finally, we call a space S(6, (6i, oi),..., {hk, Ok)) negative (positive) if b + Xi ^ 
ative (positive). The spaces S(6, (6i, oi),..., (6^, «A:)) of nonzero degree are rational homology 
spheres. As orbifold circle bundles, the orientation reversal — S(6, (6i, ai),..., (6^, a^)) is isomorphic 
to S(—6, (—6i, ai),..., {—hk, Ok)). We write S(ai,..., a^) for the unique negative Seifert integral 
homology sphere fibering over ..., ak). 

Let y be a negative Seifert rational homology three-sphere fibering over a base orbifold P 
with underlying space 8“^. Equipping Y with the metric for which Y has the Seifert geometry, 
Mrowka, Ozsvath, and Yu m show that the Seiberg-Witten moduli space Ai{Y) is composed of 
the following: 
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• A finite set of points forming the reducible critical set, in bijection with Homi^HiiY), S^), 
and 

• for each {k + l)-tuple of non-negative integers e = (e, ei,efc), such that 0 ^ e* < a* and 


e 






1 


2ai’ 


there are two components, labelled C''''(e) and C (e), in M.{Y). 


Each component C'“''(e), C“(e) is a copy of Sym^{\T,\), where S is the base orbifold and |S| its 
underlying manifold. Furthermore, C'“''(e) and ^“(e) are related by the action of j e Pin(2). That 
is, the restriction of j to C''^(e) acts as a diffeomorphism C'“''(e) —> (^“(e), and vice versa. Then, 
in the quotient of the configuration space by the based gauge group, each C-(e) is diffeomorphic 
to G X Sym%m). 


Fact 5.1. All reducible critical points x have C{x) = 0, where C is the Chem-Simons-Dirac func¬ 
tional. All irreducible critical points have £ > 0. 


Mrowka, Ozsvath, and Yu do not use the Seiberg-Witten equations as in m- Instead, they 
replace the Dirac operator D associated to the Seifert metric in the equations with D = D — 
for ^ some constant depending on the Seifert fibration. It is then clear that the Seiberg-Witten 
equations they consider differ from the usual equations by a tame perturbation qo in the sense 
of [10] . Abusing notation somewhat, we call the Seiberg-Witten equations as in |19] simply the 
Seiberg-Witten equations, or the unperturbed Seiberg-Witten equations in the sequel. 

In the case of a negative Seifert space Y with four or fewer singular fibers, the Seiberg-Witten 
equations are transverse in the sense of m, so we may take q = qo, as in m- 
We will further need: 


Fact 5.2. There are no flows between C~^{e) and C~{f) for any e,f. The flow of the Seiberg-Witten 
equations on Y is Morse-Bott, and if Y has four or fewer singular fibers, the perturbation q = qo 
is admissible in the sense of Definition 22.1.1 of |10j. 


Combining Propositions 4.5|4.6 and Fact |5.2[ we have: 


Lemma 5.3. Let Y = S(6, (6i, m),..., (6^, afc)) be a negative Seifert rational homology three- 
sphere. Then SWF{Y,5) has a representative {X,m,n) e ^ with X a j-split space. 


Proof. We first treat the case where Y has at most four singular fibers. Then the irreducibles are 


isolated, by Fact 5.2 


We recall the attractor-repeller sequence (109), which shows that SWF(Y,5) is obtained by 
successively attaching stable cells G x corresponding to the irreducible critical point 

to the reducible cell in degree 0. Let be the complex obtained by attaching all critical 
points with £ ^ w. We show by induction that is j-split for all uj. For cj = 0, the only critical 
point is the reducible by Fact |5.1t so the statement is vacuous. Let 


( 112 ) 




= Ituio V jl-. 


!£aJo’ 


for some fixed ujq, where contains all irreducible critical points G'''(e) with £ ^ loq. Fix 
ei so that £(C+(ei))> uq and £(C'+(e]J) is minimal among £(x) for critical points x with 
C{x) > ojQ. By Fact 5.2, and Proposition |4.7| M\{x\,y\) = 0, where x\ corresponds to C+(ei), 


and y\ corresponds to any critical point of C (f). Additionally, the Conley Index satisfies: 

= GX = S^ X Z)indC+(ei) ^ jgl ^ ^mdC+(ei)^ 


I. 


s:£(C+(ei)uiC+(ei)) 
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as X /)indC+(ei) ^ £)indC'+(ei) disjoint isolated invariant sets. Since M\{x\,y\) = 0 

for all yx e we have that the attaching map of the cell 5^ x 2 )indC+(ei) j^gg |;g^j.gg^ only in 

then we set 


^i£(C+(ei)) 


= U (5^ X 


^LUO 


(ei)) ^ ^^^C(C+(ei)wC- 


(ei))’ 


SO that the analogue of the splitting (112) holds: 

-^^£(C+(ei)uC-(ei))/^^ = ^^C(C+(ei)wC- 

completing the induction. 

In the case of five or more singular fibers, we perturb the Seiberg-Witten equations to be 
nondegenerate. We can arrange that for a small perturbation q the analogue of Fact 5.2 continues 
to hold. That is, there exists some tame admissible perturbation q such that the set of irreducible 
critical points of Tj, may be partitioned into two sets C~^ and C~, interchanged by the action of j, 
so that for all x e C~^ ,y e C~, we have M(x, y) = 0. 

We show the existence of such a j-equivariant perturbation q. Choose a sequence of small 
j-equivariant tame admissible perturbations q*, converging to 0 in (7°°, so that for each i the 
perturbed Seiberg-Witten equations have non-degenerate irreducible critical points. Lin establishes 
the existence of such perturbations in [13]. Choose disjoint neighbourhoods of C'-(e) such 

that for i sufficiently large all irreducible critical points of £q. lie in 

|J(L/+(e) uU-{e)). 

e 

Let denote the set of irreducible critical points of £q. in Ue^^(e) and let C” denote the set of 
irreducible critical points of £q. in Let C- denote the union UeC'-(e). 

Say, to obtain a contradiction, that for all i there exists some pair of critical points Xi e , 
yi 6 , such that M{xi,yi) is nonempty. The sequences Xi,yi have limit points x e C'+(e) and 

y 6 C~(f), by Proposition 11.6.4 of (TU]. Theorem 16.1.3 of [TU] shows that the moduli space of 
unparameterized broken trajectories (for a fixed perturbation) is compact. The proof of Theorem 
16.1.3 can be applied to a sequence of trajectories ji for perturbations q* with q^ —> q. That is, the 
sequence ji has a limit point a broken trajectory (ri, ...,Tn) from x to y, for the perturbation q. 
Since x e C'^,y e C~, there exists a trajectory fk from to C~, or there exists a trajectory 
from (7+ to the reducible and a trajectory fi from the reducible to C~. The first case contradicts 


Fact 5.2 The second case contradicts the minimality of C on the reducible (Fact 5.1). Thus, for 
some perturbation q as above we have the desired partition. 

The Lemma then follows as in the case of three or four singular fibers. □ 


By Lemma 5.3, Theorem 3.16 applies to SWF{Y,5) for Y a Seifert rational homology sphere, 
and we obtain the following Corollary, from which Theorems |1.1| and |1.4| of the Introduction follow. 


Corollary 5.4. Let Y = E(6, (/3i, oi),..., (/?fc, a^)) he a negative Seifert rational homology sphere 
with a choice of spin structure s. Then 

N U O A ^ 

j=l ^ i=l 


for some constants s,di,ni,N and some ¥[U]-module J, all determined by (T,s). Furthermore, 
2ni + di > 2ni+i + di+i for all i, 2nN + d^ ^ d^ ^ 1; and djy+i = 1, n^+i = 0. Let 
Jo = {{ak,hk)}k he the collection of pairs containing all (dj, for di = 1 mod 4 and all 

{di + 2, [^J) for di = 3 mod 4, counting multiplicity. Let (a, b) > (c, d) if a+ Yb^ c + M and a ^ c, 
and let J be the subset of Jo consisting of pairs maximal under > (not counted with multiplicity). 
If (a, b) e J, set m{a, 6) -I-1 to he the multiplicity of (a, b) in Jo- If (a, b) f J, set m{a, b) to be the 
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multiplicity of {a,b) in Jq. Let \ J\ = Nq and order the elements of J so that J = {{ai,bi)}i, with 
Oi + 46j > ai+i + 46j+i. Then: 


(115) SWFH^{Y,5) 




0 vi( ‘“"‘ + 40 “■ )e © K+wa'-wier.s'M 


0 


2=1 


(a,6)eJo 


0 0 

{ 2 |dj=l mod 4} 


V^dlyJ)© 


'FH 

Vi(l00l))[-T 


J 


{2|dj=3 mod 4} 


Theq-action is given by the isomorphismV 2 Y~A ”*■and the mapVj^[—s] —> [—s] 

which is an¥-vector space isomorphism in all degrees (in s]j greater than or equal to 4 |^^i±^h± 1 j_|_ 
s + 1, and vanishes on elements ofV(([—s] of degree less than 4 (^i±^ii±ij ^ i, interpret 

“7Vo + l = 1) bNo + i = 0. 

The action ofq annihilates 0,0 and {@(^a,b)eJo J)[-s]. 

To finish specifying the q-action, let Xi be a generator o/V02(l^J)[“'®] * such that di = 

lmod4 (respectively, let Xi he a generator o/s] if di = 3mod4j. Then qxi is the 

unique nonzero element o/(V 0 ,+ 2 ni+i 0 0 0 V 2 '^)[—s] in grading degXj — 1, for all i. 

4 J 


4[ 


Theorem 1 1. 4| follows by setting N = I and di = 1; these conditions imply that d 2 + 2n2 — di = 0, 
and so the term 0^;^ (114) is the zero module in this case. 

The constant s is the grading of the reducible critical point, where the metric on Y is that 
associated to the Seifert geometry on Y. 


Proof. Let {X',p, h/4) be a j-split representative for 5'1TF(Y', s) at level m, and let s = m — p — h. 
We may choose such a representative for SWF(Y,5) by Lemma 5.3 Then, using Lemma 3.11, we 
have: 


SWFHfiY,B) = Hf{X')[-p-h] = 


N 1 ri ^ ^ 


2=1 


2=1 


Applying the equivalence of HM and SWFH^^ of |12] . and the equivalence of FIM and FIF^ of [3] 
and m , we obtain the expression ( |114[ ). Then we apply Theorem |3 .1 6| to obtain the calculation of 
SWFF[((^ of the Corollary. □ 


Further, using the results of Section 3.2, we prove the results of the Introduction on homology 
cobordisms of Seifert spaces. Corollaries 1.5 and 1.7 of the Introduction follow from Proposition 
1 below. 


Proposition 5.5. Let Y = S(5, (6i, ai), ..., {bk, ak)) be a negative Seifert rational homology three- 
sphere with a choice of spin structure 5, and 

(116) yr6). „ e © ^ ~ ** ) e ©t,+ e j®4 -»], 

i=l ^ i=l 

where dj+i > di and 2ni + d* > 2nj+i + dj+i, as well as 2nj\f + d^r ^ 3 and djsf ^ 1. Then the chain 
local equivalence type [S'IFF(y, s)]cz 6 is the equivalence class of 


(117) 


C{s, {di}i, {ni}i) — ((<(/red)©(0‘5cz,(ni))),O, —s/4) e GITC. 
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Further, the connected Seiberg- Witten Floer homology of {Y, s) is: 

(118) - 0 r.Xj.( ”‘+‘~ • )e 0 T+,.(n,). 

i=l ^ i=l 

Moreover, if s Y t, or {di}i Y {ei}i, or {ni}i Y {mi}i, the complexes C{s,{di]i,{ni]i) and 
C{t,{ei]i,{mi]i) are not locally equivalent. 


Proof. Let SWF{Y,5) = [X,p,h/Y) e (£ with X a j-split space of type SWF. By the construction 
of SWF{Y,5), X^^ ~ + . By Lemma 3.2, [{X,p, h/A)] e admits a representative {Z,p', h'/A) 


with Z a j-split chain complex, for some p', h'. Since \fX,p, /i/4)] e and {Z,p', h'/A) must have 

chain homotopy equivalent fixed-point sets, we have: 

+ ) = [(X^\p,0)] = (Z5^P^0) 6 (i:(£. 

However, by the requirement that Z is j-split, Z^^ ~ (/red), where j/red = sf^ed = 5(/red) = 0. 


Thus, p' = 0. Furthermore, by the proof of Corollary 5.4, —p' — h' = —h' = s. Proposition 3.21 
applied to (Z,0, —s/4) yields (117) from (97) and (118) from 


□ 


5.2. Spaces of projective type. Let Y = S(6, (6i, oi),..., {bk,ak)) be a negative Seifert rational 
homology three-sphere. Consider the case that HF^iY,5) is given by: 

(119) HF+{Y,5) = T+s © r/(n) © J®2, 


for some F[17]-module J, where possibly n = 0. In particular, by Corollary 5.4, this implies 
d + 2n — 1 = 26. Let {Z,0, —s/4) = SWF(Y,5) e Then by Proposition 3.18 we may write: 

(120) Z = «/red>©5i(n))©5(J) 

as a direct sum of C'^'^(S'^)-chain complexes, with d{xi) = f^ed, ^{x2i+i) = ^(l + for 

i = l,...,n — 1. Here d = s 0 1, by Corollary |5.4[ The complex Z is evidently chain locally 
equivalent to <(/red)©‘5d(n). For X a space of type SWF, let SX denote the unreduced suspension 
of X. The complex (120), for <5 > 0, may be realized as the G-CW complex associated to 

(S(52"-1u52"-^),0,-s/4), 

where acts by complex multiplication on each of the two factors, and j interchanges the factors. 
Then 

(121) [SWF{Y,5)],i = [(S(S2"-iuS2-i),0,-s/4)],i. 

We call a negative Seifert rational homology sphere with spin structure (T, s) of projective type 
if (121) holds or if the chain local equivalence class of SWF{Y,5) is [(/red)]d- I ndee d, we have 
established that (T,s) is of projective type if and only if F[F^(Y,5) takes the form (119). The term 
of projective type refers to the fact: 


(^in-l^^in-l)/(^ ~ CP 


in—1 


We can rephrase the projective type condition (119) in terms of the graded roots of [20]. A graded 
root (F, x) is an infinite tree F with an action of F[P], together with a grading function y : F ^ Z. 
Associated to any positive Seifert rational homology sphere with spin structure there is a graded 
root, which, additionally, has an involution t : F ^ F that preserves the grading. 

We have the following characterization of spaces of projective type in terms of graded roots as 
a consequence of Corollary |5.4[ 


Fact 5.6. Let Y = S(6, (6i, oi),..., {bk,ak)) be a negative Seifert rational homology sphere with spin 
structures. Let{TY,x) be the graded root associated to {—Y,s), and let i be the associated involution 
o/Fy. Let V eVy be the vertex of minimal grading which is invariant under l. The space {Y, s) is of 
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Figure 11: Three Graded Roots. The roots (a) and (6) are of projective type, while (c) is not. 


projective type if and only if there exists a vertex w, and a path from v to w inVy which is grading- 
decreasing at each step, with x(rc) = min 3 ;gryX(^)- Moreover, 6{Y,5) — /3(y, s) = xi^) — x('*^)- 


For instance, we refer to Figure 11 We call a graded root of projective type if its homology is 


of the form (119), so that a Seifert integral homology sphere is of projective type if and only if its 
graded root is. 

More generally, the sets {d,} and {n,} may be read from the graded root, in terms of the minimal 
grading elements w that are leaves of vertices v that are invariant under l. 

For spaces Y of projective type, the homology cobordism invariants (dj,ni) are determined by 
d{Y), p,{Y). The nice topological description of the Seiberg-Witten Floer spectrum of spaces of 
projective type simplifies calculations. 

The spaces S(p, q,pqn + 1) and S(p, q,pqn — 1) are of projective type for all p, q, n, as shown by 
Nemethi [2T] and Tweedy [35], respectively, building on work of Borodzik and Nemethi |2|. 

However, not all Seifert fiber spaces are of projective type. The Brieskorn sphere S(5,8,13) is 
a Seifert space not of projective type, for instance, as one may confirm using graded roots. Indeed, 


5ITFi/conn(51(5, 8,13)) = Ti{2) ©7j'^(l). By Corollary 1.5, any space not of projective type is 


not homology cobordant to a space of projective type. In particular, S(5, 8,13) is not homology 
cobordant to any S(p, q,pqn ± 1). 


5.3. Calculation of Beta. By the construction of SWF(Y, s), the grading of the reducible element 
is — 2n(y,s, g). We also saw that the constant s (depending on (T,5)) in Corollary |5.4| is the grading 
of the reducible (with respect to the Seifert metric). Also in Corollary |5.4[ we saw s/2 = j5{Y,5) 
for Seifert rational homology spheres. We then obtain: 

Corollary 5.7. Let Y = 11(6, (6i, ai),..., (6^, a^)) he a negative Seifert rational homology sphere 
and 5 a spin structure on Y. Then l3iY,5) = —n(Y,5,g), where g is a metric for which Y has the 
Seifert geometry. 

Ruberman and Saveliev |28) show n(Y, g) = p.{Y) for Seifert integral homology spheres for the 
Seifert metric, from which we establish Theorem |1.3[ 

We have established that /2 restricted to Seifert integral homology three-spheres extends to 
a homology cobordism invariant, but not necessarily that p, extends to a homology cobordism 
invariant. In [T6| it is shown that /3 is not additive; on the other hand, p is additive. Similarly, 
does not agree with the Saveliev ly invariant of mm, although the two agree on Seifert fiber 
spaces. 


6. Applications and Examples 


First, we see that Corollary 1.2 follows from Corollary 5.4 and Theorem 1.3 Indeed, the 


negative fibration case follows immediately, and the positive fibration statement follows by using 
the properties of a,/3,'y,p, and d under orientation reversal. 
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We also obtain: 

Theorem 6.1. Let Y be a Seifert integral homology sphere. If —fL(Y)f2 ^ d(Y), then Y is not 
homology cobordant to any Seifert integral homology sphere with fibration of sign opposite that of 

Y. 

Proof. If y is a negative Seifert fibration, and —p,{Y)f2 y d{Y), then a{Y) y PfY), but for all 
positive fibrations a = ft. One performs a similar check for positive fibrations. □ 

This statement is expressed only in terms of fl and d, but the proof comes from the properties 
of a, ft, 7. As a particular example, we have S(2, 3, 12k — 5) and S(2,3,12A: — 1), for all k ^ 1, have 
0^/3 and so are not homology cobordant to any positive Seifert fibration. 

We remark that Nemethi’s algorithm (JQ] for Heegaard Floer homology of Seifert fiber spaces 
makes SWFH^ of Seifert spaces computable. Using Tweedy’s computations in [3S], we provide 
calculations of SWFH^ for the following infinite families as an example. In the following tables, 
there are nontrivial g-actions between inhnite towers. The only other nontrivial g'-actions are 
for S(2,7,28A; — 1) and S(2,7, 28A: + 15), where q sends each summand of V3''(l)®^ (respectively 
to V 2 (respectively Vi^2)- 


Y 

SWFHf^{Y) 

a 

/3 

7 

(5 

S(2,5,20A: + 11) 

V+ © V+i © Vo+ © V^i(l)®'’ © V+i„2i(l) 

1 

-1 

-1 

0 

S(2,5,20/c + 1) 

Vo+ © V+ © V2+ © V+i (1)®" © V+1 2,(1) 

0 

0 

0 

0 

S(2,5,20A: - 11) 

V2+ © V3+ © v+ © V+(1)®'=-1 © V+1 2,(1) 

1 

1 

1 

1 

S(2,5,20A: - 1) 

V+ © V+ © V2+ © V+ (1)®"^1 © ©j'fo' V+i 2i(l) 

2 

0 

0 

1 

S(2,5,20/c - 13) 

Vo+ © V+ © V2+ © V+1 (1)®'=^! © ©“o' V+1 2,(1) 

0 

0 

0 

0 

S(2,5,20/c-3) 

V2+ © V+1 © Vo+ © V^i(l)®"-1 © ' V+1 2,(1) 

1 

-1 

-1 

0 

S(2,5,20/c + 3) 

V2+ © V3+ © V+ © V+(l)®'= © ©“o' V+i 2i(l) 

1 

1 

1 

1 

S(2,5,20/c + 13) 

V+ © V+ © V2+ © V+ (1)®^ © @“o 

2 

0 

0 

1 


Y 

SWFHf^fY) 

a 

/? 

7 

s 

11(2,7,28fc- 1) 

V4+ © V+ © V2+ © V3+(l)®'= © V+(1)®'=-1 © V+1 2,(1) © ©-"o' V+1 4,4,(1) 

2 

0 

0 

2 

S(2,7,28fc- 15) 

V4+ © V5+ © V6+ © V3+(1)®'=-1 © V+(1)®'=-1 © V+i 2.(l) © ©-"o' V+4,4,(l) 

2 

2 

2 

2 

E(2,7,28fc+ 1) 

K © V+ © V2+ © Vl3(l)®'= © V+i(l)®'= © ©^^4 V+i 2,(l) © ©- = 1 V+4 4fc 4,(l) 

0 

0 

0 

0 

11(2,7,28fc+ 15) 

Vo+ © V+3 © V+2 © V+3(l)®"' © V+i(l)'= + l © V+i 2,(l) © ©-it' V+3 4fc 4,(l) 

0 

-2 

-2 

0 

11(2,7,14fc-3) 

V2+ © V3+ © V4+ © V+ (1)®'=-! © ©fjo' V+2,(l) © ©-ro' V4+2fc 4,(l) 

1 

1 

1 

1 

11(2,7,14fc + 3) 

V2+ © V+4 © Vo+ © V+4(l)®'= © ©ti V+i 2,(l) © ©tl V+i 2fc 4.(l) 

1 

-1 

-1 

0 

E(2,7,14fc-5) 

V4+ © V+ © V2+ © V4+(1)®'=-2 © ©to Vi+2.(1) © ©to K-2k-4iW 

2 

0 

0 

1 

S(2,7,14fc + 5) 

Vo+ © V+ © V2+ © V©(1)®'= + 1 ©©ti V©_2,(1) ©©tl V©_2fc_4,(l) 

0 

0 

0 

0 
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